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du, /ds = sinfsiny, du, /ds = cosff — 1, dus/ds = sinficosy (2.5)

with

cosp = /1 — (du /ds)’* — (dus /ds)? 2.6)

The end-shortening (2.4) follows directly from (2.5).

2.1. 2D buckling with twist suppressed: Reduction to Euler’s elastica

Consider deformations with w =0, y = — z/2, implying no twist, and, by (2.5), the rod deflection is in the (i3, i2) plane with du;
/ds = sinp and one non-zero strain quantity, k3 = df/ds. The energy of the rod system (2.3) reduces to
1, 1/ )
¥ = Bkl + - {Bg(d/}/ds) —2P(1 - cos/i)}ds 2.7)
2 2/,

(The contribution linear in dp/ds integrates to zero because f = 0 at the ends.) Apart from the constant energy contribution due to the
natural curvature, this is precisely the energy functional for a rod clamped at both ends which defines the 2D Euler elastica for buckling
in the (i,1i2) plane. If instead, one considered deformations with @ =y = 0, buckling would be restricted to the (iz, i3) plane with dus
/ds = sinfand x; = df/ds. The energy of the system for a clamped rod again reduces to (2.7), but with B3 replaced by B; in the integral.
Natural curvature plays no role in determining the solutions under either of these restrictions because its contribution to the system
energy does not vary with the deformational changes.

3. Bifurcation analysis for an axially compressed clamped rod with natural curvature

In this section, the functional governing stability of the initial straight state will be derived allowing for all possible admissible
deflections and twist, and the bifurcation analysis associated with the onset of buckling will be carried out. In the initial straight state
=0 and, by (2.1), @ = 0, but y is unknown and denoted by y,(s). With y = y,+ Ay, anticipate that (f, w, Ay), which vanish at
bifurcation, are of the same order immediately after bifurcation. From (2.2), to order 02,

k1 = (cosypp) + (sinyoB) (@ — Ay) — siny Ay + O°

, 1,
Ky = — Eyoﬁz +0? (3.1)
K3 = _(Sinyoﬂ)/ + (COSVoﬂ)/(w — Ay) — cosypAY + O°

where ()’ =d( )/ds. Next, expanding the energy (2.3) to second order in (f,»,Ay), one obtains contributions homogeneous of degree 0,
1,and 2, ¥ = ¥y + ¥1 + ¥, as

1 r . ‘
lpo = §B3K§L7 \Pl = / B3Kn(Sln}/0ﬂ) ds
0

3.2
1/t ) , . / / /
¥a = 5/0 {Bi(cosrop)” + Ba® + Ba((sinyoh) * — 2xa((cosyoh) (0 — Ay) — cosyopAy)) — PF }ds

First, note that ¥; = 0 because § = 0 ats = 0,L. Then, noting that u; = siny,$ + 0% and u; = cosy,S+ 02, and that (cosyoB) Ay +
cosy, Ay = ((cosy,f)Ay) integrates to zero, it follows that the quadratic functional governing the energy change from the straight
state is

= WL 1! , , , y= ,
vy, :Bizzi/ {brus 2 b+ 272E,1u3a)7P(u12+u3 2)}d_x (3.3)
3 0

with x =s/L, by = B1/Bs, by = By/Bs, Ky = Lkn, P = PL? /B3, u;/L—u;, u3/L—us, and ( Y =d( )/dx. The end supports require
(w1, Uy, up, us, Uy, ) =0 atx=0and (uy, uj, us, Uy, w) =0atx=1 (3.9

The classical criterion for the stability of the straight equilibrium state is based on ¥, being positive for all non-zero admissible
combinations of (u;,us, ). Rigid body motions are excluded by (3.4). The displacement component u, does not appear in ¥y; it is
auxiliary and can be obtained after the other components are in hand. The quadratic functional ¥, governs the bifurcation eigenvalue
problem. The lowest eigenvalue, P¢, determines the onset of buckling and the associated bifurcation mode. The three ordinary dif-
ferential equations (ODEs) and natural (dynamic) boundary conditions of the eigenvalue problem which render ¥, stationary with
respect to variations in (u;,us, ), subject to constraints of the end conditions (3.4), are obtained by standard calculus of variations
procedures:




































