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THE G TENSOR

We introduce the activation tensor G in the decompo-
sition of the deformation gradient F = Gradxy = A - G
into the elastic part A and the activation part G. In the
main text, we omit the full form of G specialized for our
model set-up, but we provide it here, along with further
mathematical details regarding the - function. These
theoretical developments are adapted from [1].

In order to formulate the tensor G, we first define a
vector field of fiber directions

m = (sinasinf) eg + (sinacosfB) eg + (cosa) ez, (1)

expressed in a standard cylindrical basis {eg,re, ez},
and in terms of the angles @ = «(R,0,2), f =
B(R,0,Z) that can be generally non-homogeneous
throughout the domain. Then, based on Eq. (1) and un-
der the assumption of small deviations from the identity
tensor 1, we define the activation tensor as
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where G = Gijei K ey, i € {R,é,Z}, j € {R,@,Z},
{R,©, Z} are the coordinates in the initial configuration,
{R,©, Z} are the coordinates in the activated configura-
tion, and g = g(R, ©, Z) is a generally non-homogeneous
function that describes the extent of local fibrillar pre-
strain (activation) at a given point in the domain [1].
The components G;; are [1]

Ggrr = (1+1/)Sln asin’f — v,
Gre = (1 +v)sin 2avsin 3 cos 3,
Gry = (14 v)sinacosasin g,
éR:(l—i—V)sm asin 3 cos 3,
Goo = —(1 4 v)sinasin®f — v, (3)
Ggyz = (1 +v)sinacosacos 3,
Gzr = (14v)sinacosasinf,
Gzo = (1 +v)sinacosacos j,
Gzz=(1—-v+(1+4v)cos2a)/2.

HELICAL FIBER ARCHITECTURES

In this work, we consider only helical fiber architec-
tures. A helical fiber architecture satisfies the following
properties:

e 3 =0 everywhere in the domain,

e at a given distance R from the center of the cross
section, « is constant in both © and Z,

e the variation of « in R obeys the law [1]

tan(a(R)) _ tan(a(R = Ry))
R Ry ,

(4)

which relates the helical angle a(R = Ry) at the
boundary of the architecture’s domain to the helical
angle a at R.

The mathematical derivations in [1] show that we can ul-
timately write all pertinent active filament equations us-
ing a(R = Ryp) rather than the more general a(R). Thus,
the symbol a throughout the main text and the remain-
der of the Supplementary Material denotes the boundary
helical angle a(R = Ry). Additionally, note that a = 0
is a special case of a helical architecture that yields a
longitudinal architecture.

THE v ACTIVATION FUNCTION

The v activation function used in the main text is a
restriction imposed on the non-homogeneous ¢g(R, ©, Z)
function. In particular, we assume that the activation g
is a constant function of R for R € [Ry, Ro], and that it
is uniform throughout any fiber F in the domain. Un-
der this assumption, and considering only helical fiber
architectures, we can simplify the form of g to

9(R,0,7) = 7<@ _ Ri tanoz), ] (5)

0

which corresponds to the helically-winding activation
pattern illustrated in Fig. 2b. To represent discrete fiber
bundles, we further restrict the form of () to piecewise
constant activation patterns, see Fig. 2c.



THE ACTIVE FILAMENT FORMULAE

In the active filament formulae,
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the quantities dg, d1, d2, and d3 are functions of the fila-
ment geometry, fiber architecture, and the Poisson’s ra-
tio of the filament material. As shown in [1], given a ring
cross-section with an inner radius R; and an outer radius
Ry equal to the outer radius of the filament, a fiber archi-
tecture with a constant helical angle «, and a Poisson’s
ratio v of the structure, we have
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For longitudinal fibers, we take the limit « — 0, for which
these expressions simplify to

S0 = R} — R3,
6, =0, = R} — R, (8)
63 =0.

In the case of a tapered filament geometry with a tapering
angle ¢o(Z) defined at the outer surface R = Ry(Z) of
the filament, and longitudinal fibers with « = 0, the dy,
41, 92, and d3 quantities then become
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CURVATURES IN THE PARAMETRIC STUDIES

In the parametric studies, we reported the dimension-
less curvature Lk for the case of varied slenderness S;,
and the maximal curvature Lkmax for the cases in which
the tapering angle ¢ and the fiber revolution 2 were var-
ied. The reason for reporting the maximal curvature in
the two latter scenarios is that the curvature itself varies
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along the length of the filament. To supplement the re-
ported results, fig. S1 provides specific numerical values
of Lk and Lkpyax for the 12 evaluated designs, as well as
the curvature functions Lk (Z) for the tapering angle and
fiber helicity studies shown in figs. S1b and Slc, respec-
tively.

MATERIAL PROPERTIES OF EVALUATED
DESIGNS

In parametric studies, the only mechanical property
of the filament material whose value is significant for the
reported results is the Poisson’s ratio v, which was chosen
to be v = 1/2 and homogeneous for all 12 designs. The
Young’s modulus E was also assumed to be homogeneous
throughout the entire structure in those designs, which,
according to the theory in [1], removes the dependence on
the value of F in 0y, U5, O3, and f under the assumption
of the ring solution.

However, for the comparison between the minimal de-
sign and the experimental results to be valid, the assump-
tion of a homogeneous Young’s modulus and Poisson’s
ratio is no longer valid since the LCE fiber bundles in
the experimental prototype have different material prop-
erties than that of the surrounding elastic matrix.

Therefore, a minor adjustment to the model setup has
to be made to account for material inhomogeneity in the
minimal design. Let Ef and v denote the elastic mod-
ulus and Poisson’s ratio of the LCE fibers, and Fy;r and
vy denote the elastic modulus and Poisson’s ratio of the
elastic matrix. Then, an approximation of the intrinsic
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FIG. 1. Additional information regarding curvature values and curvature functions present for the 12 designs presented in the
parametric studies. (a) Designs with di erent slenderness values. Since the curvature is constant along Z, just the values of
Lk are shown for the designs I-1V. (b) Designs with di erent tapering angles and (c) designs with di erent ber revolution
angles. The curvature varies along Z in (b) and (c), so both the values of Lkmax and the plots of Lk vs. Z are shown for the
four respective designs in each case.

curvatures Uy, Ug, O3, and extension ¢ can be shown to be expressed as
J
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where §; ¢ are defined as in Egs. (7) and (9), but with the  ring approaches 2.

substitution v — v¢. All other quantities are defined as

before. The approximation stems from the simplifying

assumption that the activated ring region shares the ma- MULTIPLE HELICAL ANGLES IN A RING
terial properties of the LCE fibers, even if the LCE fibers
do not make up the entirety of the activatable ring. The
accuracy of this approximation increases as the size of the
ring relative to the size of the elastic matrix decreases,
and as the total angular extent of the LCE fibers in the

The minimal design consists of a longitudinal fiber
bundle and two symmetrically arranged helical fiber bun-
dles of opposite handedness. That is, a!) = 0 # o(?) #
a® and a® = —a® | where oV = 0 is the helical an-



gle of the longitudinal fiber bundle, and a(®, a(® are
the helical angles of the two helical fiber bundles. How-
ever, Eq. (6) is posed in terms of a single angle . To
be able to account for the contributions of all three fiber
bundles, we can utilize the superposition property of the
active filament model, which handles the mathematical
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treatment of multiple concentric rings of activation [1].
Similar to Eq. (10), for a general filament with M con-
centric rings of activation and different material proper-
ties in the fibers of each ring and the elastic matrix, the
resulting curvatures and extensions can be approximated
as
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where any quantity (-)(*) is associated with the i-th ac-
tivation ring in the filament, ¢ = 1,..., M. In par-
ticular, the quantities RY) and Rél) are the inner and
outer radii of the i-th ring. We further emphasize that,
in the single-ring case, it was true that Ry = Ra, i.e.,
the outer radius of the whole structure is the outer ra-
dius of the single ring. However, in the M-ring case, we
have Ry = maX{R(l) . ,RéM)}, since the ring with the
largest outer radius marks the outer boundary of the fila-
ment. The approximation in Eq. (11) is again the result

of the assumption of constant material properties Ef(i),
I/f(z) within a given ring, but different properties Ey, vm
in the elastic matrix.

In the case of the minimal design, three rings are
needed to represent the actuators utilizing the three
different fiber architectures. All three rings have the
same inner radius Rgi) and outer radius Réi) since all
three fiber bundles are contained within one ring region.
Therefore, we can set Rgl) = R?) = R§3) = R; and
Rél) = Rg) = RS’) = Ry, which means that, in this
case, we can write all remaining equations in terms of
Ry and Ry only without disambiguation of the individ-
ual Rg). Further, the three fiber bundles have the same
material properties, so Ef(l) = Ef(z) = Ef(3) = F¢ and
I/f(l) = z/f(z) = Vf(g) = v¢, which simplifies the general ex-
pressions in Eq. (11).
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The outlined procedure was also applied to the simpler
case of the design with two symmetrically arranged he-
lical fiber bundles in the parametric study of the fiber
revolution parameter 2. In that scenario, we remove
the longitudinal actuator ring and assume Fy; = E( )

Z/M:Vf(),forz:l,Q.

APPROXIMATING A CURVATURE PROFILE

The expression in Eq. (11) provides a way to find the
curvature of a multi-ring system and hence a way to ap-
proximate a given curvature profile. Indeed, with a single
helical fiber bundle in a ring with an outer radius R, the
characteristic wavelength that appears in the curvature
is A = 2rR/tan « and frequency p = 1/X. In principle,
one could add arbitrarily many fiber bundles contribut-
ing frequencies that are multiples of p by adjusting both
the position R of the fibers in the cross section and their
helical angles . The net result is that Eq. (11) becomes
a Fourier series approximation of the curvatures, where
the Fourier coefficients depend on the activation coeffi-
cients ag, a1, and by obtained from (). The number
N of fibers to be used then depends on the number of
Fourier mode components needed to match a given cur-
vature profile within a given error, which, in turn, de-
pends on how smooth that profile is. In [2], we showed



that we can indeed use additional fibers to have better
control not only over the end point of the manipulator,
but also over its whole shape. Nevertheless, we can only
make use of this feature at the expense of introducing
additional fibers, and it is not clear how a single engi-
neering design could effectively accommodate numerous
different fiber architectures simultaneously. The alterna-
tive, used by many groups, is to segment the filament into
multiple sub-filaments connected end-to-end, where each
segment actuates independently. This segmentation ap-
proach achieves the same goal of introducing additional
frequencies into the system, albeit in a piecewise manner.

DEFINITIONS OF TAPERING AND FIBER
REVOLUTION

For a general tapering profile, we can define the ta-
pering angle field as a function of the cylindrical radius
coordinate R and the parameter Z as [1]

tan($(R, 2)) = -

= B(Z) RY(Z). (12)

Given that the tapering profile is assumed to be linear, it
can be described with a single tapering angle prescribed
for the whole design such that

Ro(L) — Ro(0)

tan(o(R = Ro)) = ~0C =0,

(13)

which is the definition used for the color bar in the para-
metric studies. The inner radius profile Ry (Z) is then set
to follow the tapering profile according to

~ 14(0)
"~ Ro(0)

Ry (Z) Ro(Z). (14)

The fiber revolution angle €2 is the total angular revo-
lution of the fiber for Z € [0, L]. Given a helical angle a,
it is defined for an non-tapered structure as

L
Q= —tana. 15
= (15)
Using the fiber revolution angle for design purposes is the
most intuitive as it allows direct reasoning about fiber
interpenetration when multiple helical fibers are present.

STIFFNESS CORRECTION FOR OVERLAPPING
RINGS

The actuators of the minimal design are represented
with three activation rings with the same inner and outer
radii. Thus, the rings overlap fully with one another,
which results in overcounting of the stiffness contribu-
tions from E} in each of the overlapping rings, while there
is only one physical ring region. As such, we use a simple

stiffness correction that addresses this overcounting issue.
Since the stiffness is overcounted M times for an M-ring
filament, a simple scaling by kcount = 1/M is sufficient, so
that the corrected Young’s modulus is Eéf))unt = Kcount P
for the i-th ring.

STIFFNESS CORRECTION FOR THE
COMPARISON WITH EXPERIMENTAL
RESULTS

The fabricated experimental prototype involves LCE
fiber bundles that adhere to the outer surface of the tubu-
lar elastic matrix. In the context of the ring solution
in the active filament model, this effectively introduces
empty space between the activated angular sectors of the
ring. By default, however, the model assumes that the
elastic matrix also fills the space between the fiber bun-
dles within the ring, since the derivation of the curvature
and extension formulae is not straightforward for the case
of a Young’s modulus that is variable and discontinuous
in the polar angle. Thus, we performed a stiffness averag-
ing operation, so that the adjusted axial stiffness matches
the axial stiffness of the ring with the empty space that
is present in the experimental setup.

Specifically, consider the ¢-th ring of the filament with
a Young’s modulus Fr and with its default definition un-
der the active filament model (filled space between fiber
bundles). Its axial stiffness is

K = Em((RY)? — (RV)?). (16)

Now, for a piecewise-constant activation pattern 7(")(9)

that defines a set of N discrete fiber bundles with an-

gular extents o in the i-th ring, the axial stiffness of

the ring that accounts for the empty space is
7 _ N )

0 27‘(‘ 0 » (17)

which means that the scaling factor for the Young’s
() _

modulus of the i-th ring could be chosen as kg, =

N@g@ /27, so that the corrected Young’s modulus is
EY . = kD B

empty empty
We combine the stiffness correction for overlapping
rings with the empty-space stiffness correction, which

gives the final corrected Young’s modulus

M
Ep= <kcoum > kggpty> E;. (18)

i=1

For consistency, this combined correction was also em-
ployed in the generation of the reachability clouds in ad-
dition to its use in the comparison with experimental de-
formations, given that the same actuator design is used
in both results.






