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Mechanical Instabilities:
From Failure Mechanism
to Functionality

Mechanical instabilities, phenomena in which solids and structures lose stability under
external stimuli, were traditionally regarded as failure mechanisms but have recently been
harnessed to design various functional structures and systems. Over the past century,
significant progress has been made in both understanding the fundamental mechanisms
behind mechanical instabilitiesand leveraging themfor innovative functional applications.
In this review, we classify mechanical instabilities into five categories based on their
underlying failure mechanisms: buckling instability, snap-buckling instability, surface
instability, buckling-driven delamination, and dynamic instability. First, a brief historical
overview of research in this field is presented. Then, for each category of mechanical
instabilities, we systematically introduce the underlying mechanisms and associated
functional applications, with a particular focus on threefundamental aspects: theconditions
under which instability istriggered, the evolution of the system after the onset of instability,
and the strategies for exploiting these instabilities in functional design. Finally, we discuss
several promising directionsfor futureresearch. We expect that thisreview can helpreaders
have a deeper understanding of mechanical instabilities and thereby inspire their broader
application in advanced materials and structural systems. [DOI: 10.1115/1.4069259]
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1 Introduction

Mechanical instabilities are ubiquitousin our daily lives, such as
an empty sodacan collapsingwhenitssidesare pressed, an umbrella
inverting inside out when strong wind hits it from below, and
fingertips wrinkling after extended exposure to water. Also, it
frequently occursin engineering and industrial applications, ranging
from the collapse of liquid storage tanksduring natural disasters[1],
the delamination of thermal barrier coatings in turbine engines due
to prolonged exposure to ahigh-temperature oxidizing environment
[2], and the fluttering of aircraft wings [3]. To understand these
fascinating instability phenomena and to guide the safe design of
structures for engineering and industrial applications, tremendous
efforts have been made over the past several centuries [4-11] since
Euler’sinitial investigation of the column buckling problemin 1744
[12]. It has been well-established that these mechanical instabilities
can be attributed to different underlying mechanisms. For instance,
the collapse of sodacansand liquid storage tanksbel ongsto atype of
buckling instability in shell structures [13,14], the inversion of
umbrellas results from the snap-through instability of the umbrella
ribs [15], the wrinkling of fingertips is due to surface instability
resulting from the strain mismatch between the skin and the bonded
tissue [16], the delamination of thermal barrier coatingsis induced
by out-of-plane buckling of thecoating layers[17], and thefluttering
of aircraft wings is a type of dynamic instability driven by the
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interaction of aerodynamic forces, structural elasticity, and inertial
effects [18].

These mechanical instabilities have long been regarded asfailure
mechanisms. Recently, however, they have been harnessed as
efficient and robust strategies to enable diverse functional
applications [19], ranging from soft robotics [20-22] and meta-
materials [23-27] to flexible electronics [28-30] and shape-
morphing structures [31,32]. For example, snap-through instability
of curved beams leads to a significant shape change and energy
release, which has been utilized to design soft robots capable of
swimming [33] and metamaterials for energy trapping [34].
Moreover, surface wrinkling in soft materials can generate various
surface morphologies with different wavelengths and amplitudes,
which can be exploited to tune wetting [35], adhesion [36], and
frictional [37] properties. Additionaly, the out-of-plane deforma-
tion in buckling-driven delamination of film/substrate systems
provides a strategy for achieving two-dimensiona (2D)-to-three-
dimensional (3D) geometric transformations, which can be actively
controlled to develop highly flexible electronics [30].

In this paper, we make a systematic introduction to various
mechanical instabilities within the elastic regime and discuss how
they can be harnessed to enable diverse functional applications. As
shown in Fig. 1, based on different failure mechanisms, we classify
mechanical instabilities into five categories.

(1) Buckling instability, which is one of the most common
mechanical instabilities, typically occursin structures under
compressive or torsional loads [4]. When the |oad exceeds a
critical value, the structure buckles, leading to achangeinits
load-carrying capacity [5,6], such as beam buckling under
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Fig.1 Classification and functional applications of mechanical instabilities. Mechanical instabilities are
classified into five categories: buckling instability, snap-buckling instability, surface instability, buckling-
driven delamination, and dynamic instability. (a) Buckling instability usually occurs when the structure is
subjected to compression or torsion. Typical examples include beam buckling under axial compression
(Reproduced with permission from Ref. [38]. Copyright 2024 by Elsevier), ribbon buckling under twisting
(Adapted with permission from Ref. [39]. Copyright 2020 by Elsevier), cylindrical shell buckling under
compression/torsion (Reproduced with permission from Ref. [40]. Copyright 2025 by Elsevier), and
spherical shell buckling under pressure (Reproduced with permission from Ref. [41]. Copyright 2012 by
Elsevier). (b) Snap-buckling instability is a special type of buckling in which the structure abruptly
transitions from one equilibrium state to another and usually occurs with a significant shape change.
Representative building blocks that can show snap-buckling instability include curved beams, curved
panels (Reproduced with permission from Ref. [42]. Copyright 2014 by Elsevier), rings (Reproduced with
permission from Ref. [43]. Copyright 2023 by Elsevier), bi-rods composed of two elastic rods with natural
curvature, which are straightened and clamped by tworigid bars (Adapted with permission from the authors
[38]), origami (Reproduced with permission from Ref. [44]. Copyright 2017 The Authors, published by
Springer Nature), and kirigami (Reproduced with permission from Ref. [45]. Copyright 2016 by Elsevier). (c)
Surface instability usually occurs in soft materials and biological systems, manifesting through various
morphologies, such as creases in the colon (Reproduced with permission from Ref. [46]. Copyright 2017 by
ASME), wrinkling mode (Reproduced with permission from the authors [47]), period-doubling mode
(Reproduced with permission from Ref. [48]. Copyright 2012 by ASME), hexagonal mode (Reproduced with
permission from Ref.[49]. Copyright 2011 by Elsevier), and bistable mode (also known as hybrid hexagonal
and labyrinth phase) (Reproduced with permission from Ref. [50]. Copyright 2015 by Springer Nature). (d)
Buckling-driven delamination is a common failure mechanism in layered materials, which manifests as
telephone-cord blisters (Reproduced with permission from Ref. [51]. Copyright 2016 by Acta Materialia Inc,
published by Elsevier), ring blisters (Reproduced with permission from Ref. [52]. Copyright 2018 by
Elsevier), straight-sided and circular blisters (Reproduced with permission from Ref. [53]. Copyright 2002 by
Elsevier), etc. (e) Dynamic instability occurs when the structure is subjected to adynamic load, like periodic
or nonperiodic time-varying loads. Three types of dynamic instability are parametric resonance under
periodic load such as the resonance of agraphene resonator (Reproduced with permission from Ref. [54].
Copyright 2021 The Authors, published by Springer Nature), dynamic snap-through instability such as the
snapping of a magnetic spherical shell (Reproduced with permission from Ref. [55]. Copyright 2023 by
Elsevier), and dynamic buckling under nonperiodic load such as the dynamic buckling of acircular ring under
sudden pressure (Reproduced with permission from Ref. [56]. Copyright 2020 by American Physical Society).
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axial compression [38,57], ribbon buckling under twisting
[39,58,59], cylindrical shell buckling under compression or
torsion [14,40], and spherical shell buckling under pressure
[41,60], as shown in Fig. 1(a).

(2) Snap-buckling instability, which isaspecial type of buckling
where the structure abruptly transitions from one equilibrium
gtate to another once the external load surpasses a critical
threshold, is typicaly accompanied by a significant shape
change and sudden release of elagtic energy [61,62]. Depending
on the number of stable equilibrium states, structures exhibiting
snap-buckling ingtability can be monostable, bistable, or even
multistable. Pertinent examples include curved beams [61,63],
curved panels [42,64], corrugated sheets [65,66], bi-rods [67],
rings [43,68], spherica caps [69,70], origami [32,71], and
kirigami [45,72], as shown in Fig. 1(b).

(3) Surfaceinstability, which isacommon failure mechanismin
soft materials and biological systems, manifests as creases
[73,74], wrinkles [47,48], folds [75,76], period-double
[48,77], hexagon [49,78], or other morphological patterns
[50,79,80] when these materials or systems undergo large
deformations induced by compressive forces, temperature
changes, growth, shrinkage, swelling, or other externa
stimuli [7,10], as shown in Fig. 1(c).

(4) Buckling-driven delamination usually occurs in layered
materials and structures (e.g., coatings and composite
laminates) under in-plane compressive loading [9]. When
the compressive loading is large enough such that the energy
releaserate(i.e., thelossof total potential energy per unit area
of crack growth) of theinduced buckle exceedstheinterfacial
fracture toughness (i.e., the energy required to initiate a unit
area of new fracture surface), the layer delaminates from the
adjacent one, forming various morphologies, such as
telephone-cord blisters [51,81], ring blisters [52], circular
and straight-sided blisters [53], as shown in Fig. 1(d).

(5) Dynamic instability occurs when a structure is subjected to a
dynamic load, such as a sudden impact or a periodic or
nonperiodic time-varying load [8]. Unlike instability under
static or quasi-static loading, dynamic instability can be
significantly influenced by damping [82], viscoelasticity [83],
loading rate [84], etc., due to inertia effects. Three types of
dynamic instabilities, including parametric resonance (i.e.,
instability induced by periodic excitation) [54,85,86], dynamic
snap-through instability (i.e., the dynamic counterpart of static
snap-through, where inertial effects are significant) [55,87],
and dynamic buckling [56,88], are shown in Fig. 1(€).

These mechanical instabilities can be generaly investigated
through fundamental energy principles [89,90]: the principle of
minimum potential energy for static instability and Hamilton's
principle for dynamic instability. According to these energy
principles, an elastic structure or mechanical system adopts an
equilibrium configuration (or followsamotion path) that rendersthe
total potential energy (or thetimeintegral of the difference between
thekinetic energy and potentia energy) stationary, fromwhichawide
range of mechanical models have been devel oped to analyze various
mechanical instabilities. In thisreview, we focus on the mechanisms
and functiona applications of various mechanical instabilities, with
emphasis placed on the conditions that trigger instability, the
evolution of the system after the onset of instability, and the strategies
for harnessing these ingtabilities in functional design.

The remainder of this paper isorganized asfollows. In Sec. 2, we
provideabrief introduction to the history of research on mechanical
instabilities. In Secs. 3-7, we introduce the mechanism and
functional applications of each of the five categories of mechanical
instabilitiesindetail. In Sec. 8, we present our perspectiveson future
directions in the study of mechanical instabilities.

2 History of Mechanical Instability Research
We begin with a brief historical overview of mechanical

instability research, and a timeline of several important
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contributions to this topic is illustrated in Fig. 2. It is generaly
believed that research on mechanical instability began with Euler’s
study of beam buckling in 1744 [12] (for an English trandation, see
Ref. [91]). In this pioneering work, Euler derived the critical
buckling load and analyzed the post-buckling behavior of slender
beams under axial compression with various boundary conditions, a
framework now referred to as el asticatheory. Euler’ selasticatheory
laid the foundation for elastic stability theory and revealed the
mechanical nature of structural failure. However, it did not find
widespread practical application until the latter half of the 19th
century, when the extensive construction of steel railways and
bridges made the buckling of compression members a critical
engineering concern. This also led to extensive investigations into
the elastic buckling of other structural forms in the late 19th and
early 20th centuries, including thin plates under in-plane compres-
sion [92], cylindrical shellsunder axial compression [93] or torsion
[94], and spherical shells under uniform pressure [95]. In 1936,
Timoshenko [4] published the well-known book “Theory of Elastic
Sability,” which provided a comprehensive summary of elastic
stability problems in fundamental structural building blocks,
including beams, plates, and shells, under various types of loading.
These studies established theoretical benchmarks for the critical
buckling loads of various engineering structures and shed light on
how material properties and geometric dimensionsinfluence elastic
stability. Inaddition, many experimental studieswerealso carried out
in the early 20th century to explore these elastic stability problems,
enabled by the advent of modern testing machines that allowed
precise control of applied loads and displacements. However, unlike
beam and plate buckling, where the experimentally measured
critical buckling loads agreed well with theoretical predictions
[96,97], thecritical loadsin many casesfor shell buckling were much
lower than the experimenta results [98,99]. For example, Donnell
[99] tested the failure stress of clamped-clamped cylindrical shells
made of steel or brass under axial compression with various lengths
and radius-to-thicknessratios and found that the experimental results
ranged from 15% to 60% of the theoretical values. This discrepancy
was quantified by the knockdown factor proposed by NASA in the
1960s [100], defined as the ratio of the experimentally measured
buckling load to the theoretical critical buckling load of a perfect
shell. To explain the discrepancy, Flugge [101] suggested that the
deviation might stem from differences in the boundary conditions
used in theoretical predictions and experiments, while Donnell [99]
proposed that the initial deviation from the perfect cylindrical shape
was the primary cause of the discrepancy and, in this situation, the
buckling load might be determined by the materia’s yield strength.
However, these factors were insufficient to fully explain the
discrepancy.

In 1939, Von Karman and Tsien [102] studied the buckling
behavior of spherical shells under uniform external pressure by
means of anonlinear large deflection theory. Their resultsrevealed
that the nonlinear characteristics of shell structures cause the load
required to maintain equilibrium in the buckled state to drop rapidly
as the buckle amplitude increases. In their theoretical calculations,
the lowest load in the buckled state with finite deformations was
found to be approximately one-third of the critical theoretical |oad
from the linear theory, showing good agreement with the
experimental buckling load. They further claimed that, in the case
of curved shells, the classical linear theory provides the “upper”
buckling load, which can be approached experimentally only if
extreme precautions are taken in both the specimen’s manufacture
and the test procedure. In contrast, the nonlinear theory predictsthe
“lower” buckling load, which corresponds to the minimum load in
the post-buckling regime. Subsequently, Von Karman and Tsien
[103] further extended their analysis to the buckling behavior of
cylindrical shells under axial compression, where a significantly
smaller “lower” buckling load was also observed in the buckled
state. Their works provided valuableinsightsinto understanding the
discrepancy between theoretical predictions and experimental
results in shell buckling problems, while also bringing research on
mechanical instabilities into the nonlinear regime. However,
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Fig. 2 A timeline of important research regarding mechanical instabilities. The items above the arrows represent the research
topics and their corresponding schematics, and those below the arrows are the main contributors and the year.

capturing the effect of initial geometric imperfections on the
buckling behavior of shell structures remained an open question.
In 1945, Koiter [104] developed a general stability theory
for elastic structures subjected to conservative external loadsin his
Ph.D. thesis. He proposed that the stability of elastic equilibriumis
governed by the positive definiteness of the second variation of the
total potential energy. Based on the stability criterion, hethoroughly
clarified the stability of equilibrium at the bifurcation point and
asymptotically analyzed the initial post-buckling behavior. Impor-
tantly, his theory also accounts for the effect of initial geometric
imperfections, thereby linking imperfection sensitivity to theinitial
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post-buckling response of perfect structures. Koiter's work
established a comprehensive framework for understanding the
mechanical instabilities of elastic structures not only at the
bifurcation point but also in the post-buckling regime, laying the
foundation for much of the subsequent research in this area
Moreover, his theory offers rigorous mathematical proof of
imperfection sensitivity and elucidates the discrepancy between
theoretical predictions and experimental observations in shell
buckling problems. However, since Koiter's thesis was written in
Dutch, this groundbreaking work received little attention until the
1960s, when it was trandated into English [105]. Since then,
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Koiter’ stheory hasbeen extensively used to investigate the stability
and imperfection sensitivity of elastic structures [5,106]. In
particular, Koiter [107], Hutchinson [108-110], and Budiansky
[111,112] conducted a series of pioneering studies on the buckling
and post-buckling of imperfect cylindrical and spherical shells
under various types of loads. Additionally, in 1984, Yamaki [14]
carried out comprehensive theoretical and experimental investiga-
tions on the buckling and post-buckling behavior of perfect and
imperfect cylindrical shells under different loading conditions and
boundary conditions, considering various shell theories and
numerical methods. His work explored the post-buckling response
of cylindrical shells well beyond the critical buckling point and
provided val uable experimental and theoretical benchmarksfor later
studies on shell buckling. It should be noted that research on
imperfection sensitivity in this period (1960s-1980s) primarily
focused on global imperfections, such as an imperfection in the
shape of a buckling mode. Recent studies have considered
localized dimple imperfections [113-115], which are less detri-
mental to the buckling behavior of imperfection-sensitive structures
but likely more realistic representations of imperfectionsin shells.

During this period, the buckling behavior of elastic structures
subjected to dynamic loads (e.g., periodic or nonperiodic time-
dependent loads) also received extensive attention. Unlike static
buckling, where a structure loses stability when the external 1oad
exceeds the critical load, dynamic loading can cause a structure to
lose stability even when the external 1oad is below the critical load.
In 1956, Bolotin [85] presented a genera theory for the dynamic
stability of elastic systems under periodic loads, a behavior also
known as parametric resonance, which can determine the dynamic
instability region governed by the excitation amplitude and
frequency. His work established a rigorous mathematical frame-
work for analyzing dynamic instability, significantly advancing the
understanding of how elastic structures|ose stability under periodic
excitations and providing valuable guidance for the safe design of
dynamic mechanical systems. Later, in the mid-1960s, based on
Koiter's initial post-buckling theory, Hutchinson and Budiansky
[88,116,117] developed a general theory for the dynamic buckling
of imperfection-sensitive structures under nonperiodic loads, such
as step loads, impulsive loads, and transient loads. Moreover,
several other theoretical frameworks were established for dynamic
stability of elastic structures under sudden loads [87,118,119].
These works laid the foundation for subsequent analyses of the
dynamic stability of various elastic systems[8].

In addition to research on buckling and dynamic instability, snap-
buckling instability also began to attract attention in thefirst half of
the 20th century. In 1935, Timoshenko [120] first studied the snap-
buckling behavior of aflat arc and a slightly curved plate under a
uniform distributed |oad and derived the critical buckling load under
hinged-hinged boundary conditions. His results revealed that when
the external load exceeds the critical value, the arc or curved plate
buckles and transitions from a convex-upward to a convex-
downward shape, illustrating the fundamental differences in
instability behavior between curved and flat structures. Afterward,
Timoshenko's pioneering work was further studied by many other
researchers from different perspectives [121-123]. For example,
Fung and Kaplan [121] analyzed the snap-buckling behavior of an
arc under varioustypesof lateral loadsincluding aconcentrated load
acting toward the center of the arc. Also, several researchers
developed general elastic theories for the snap-buckling instability
[6,11].1n1963, Thompson[11] devel oped ageneral theory of elastic
stability by expanding the total potential energy function asapower
seriesin alocally principal set of coordinates, presenting a theory
with objectives similar to Koiter’s but within the context of systems
with afinite degree of freedoms. This approach enabled the analytical
investigation of the critical equilibrium state and its neighboring
equilibrium paths, allowing for aclear distinction between the critical
conditions for snapping and buckling. Since then, more and more
attention has been paid to explore snap-buckling instabilities in
various eladtic structures and systems, including shells[69,70], rings
[124,125], origami [71,126], and kirigami [45].

Applied Mechanics Reviews

With the advancement in manufacturing techniques, buckling
behavior of layered materials and structures (e.g., sandwich
structures [127], composite laminates, and coatings) became an
important topic of growing interest in the 1980s. Under in-plane
compression, buckling-driven delamination can occur in layered
materials and structures when the interfacial adhesion between
layersisrelatively weak. For example, several experimental studies
observed that buckling-driven delamination in film/substrate
systems often manifests as circular [53], straight-sided [128], or
telephone-cord blisters[81]. Animportant contribution to thistopic
was made by Chai et a. [129] in 1981, when they developed initial
one-dimensiona (1D) theoretical models to evaluate the energy
release rate during the buckling-driven delamination in laminated
plates. Soonthereafter, Evansand Hutchinson [130] investigated the
buckling-driven delamination and spalling in compressed film/
substrate systems, in which the energy release rate and stress
intensity factors were obtained for circular delamination at
bifurcation and in the postbifurcation regime based on a combina-
tion of elastic fracture mechanics and the post-buckling theory of
plates. In 1991, Hutchinson and Suo [9] proposed the concept of
steady-state propagation of buckling-driven delamination and
derived the conditions for steady-state propagation of straight-
sided delamination in film/substrate systems. These works bridge
fracture mechanics and buckling instability, laying the theoretical
foundation for understanding buckling-driven delamination in
layered materials and structures. Building on these pioneering
efforts, numerous studies have subsequently explored this failure
mechanism in various layered systems [17,81,131,132].

Surface instabilities in soft materials began to attract attention in
the 1960s. In 1963, Biot [133] first studied the surfaceinstability of a
neo-Hookean half-space under compression using linear stability
analysis, and his theoretical results indicated that when the
compressive strain reaches 0.46, the material’s surface becomes
unstable and develops sinusoidal wrinkles. However, subsequent
experiments [74,134] revealed that the surface of a homogeneous
elastomer block actually forms a sharp crease at a lower critical
compressive strain of 0.35, rather than exhibiting wrinkles. Despite
this, Biot’swork provided valuable insights into surface instability
and brought attention to mechanical instability research of soft
materials. This discrepancy was later addressed by Hohlfeld and
Mahadevan [74,135] through a combination of numerical simu-
lations and experimental validation. They clarified that wrinkling
and creasing are two fundamentally distinct instability modes.
Wrinkling isalinear instability that arises from a perturbation with
infinitesimal strain, while creasing is a nonlinear instability that
emergesfrom aperturbation with finite strain. Moreover, creasingis
scale-free, which means that the energy required to create it can be
arbitrarily small. Cao and Hutchinson [136] further showed that
wrinkling is extremely unstable and highly imperfection-sensitive,
demonstrating that even a tiny imperfection could trigger the
trangition to the creasing mode. These studies clearly distinguish
creasing from wrinkling, deepening the understanding of how
geometric and material nonlinearities govern pattern formation in
soft solids. The discrepancy between Biot's solution and the results
of later researchers al so demonstrated that the classical criterion for
elagtic stahility (i.e., a positive definite second variation of elastic
energy) is not sufficient to ensure the stability of certain elastic
systems, particularly in some 2D and 3D problems of neo-Hookean
or Mooney-Rivlin solids. In such cases, a more rigorous nonlinear
analysis is required. The classical criterion applies rigorously for
systems characterized by the widely used beam, plate, and shell
theories[137].

Progress in fabrication technologies has also motivated the
development of surface instability research in film/substrate
systems. In 1998, Bowden et al. [138] deposited thin metallic films
onto thermally expanded polymer substrates via vapor deposition.
Upon cooling, the strain mismatch between the film and substrate
induced compressive stress in the metal film, leading to the
formation of various ordered surface patterns. This remarkable
work opened the door to systematic investigations of mechanical
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instabilities in film/substrate systems. In recent years, substantial
research efforts have been devoted to understanding pattern
transitions [48,49,79,139] and the effects of substrate curvature
[50,140,141] in these systems. During the same period (2000s to
present), increasing attention has also been directed toward surface
instabilities in biological systems, as the foundational continuum
mechanicsframework for biomechanics[142] maturedinthe 1990s.
In particular, Mahadevan [143-145], Goriely [146,147], Kuhl
[10,148,149], Feng[150-152], and their coworkers made significant
contributions to the study of growth- and remodeling-induced
instabilities in soft biological tissues such asthe brain, gut, airway,
and blood vessels, offering val uabl e perspectives on morphological

evolution and morphogenesisin biological systems.

Theelastic stability of ringshaslong been aresearchinterest since
the 1890s [153]. Early studies mainly focused on the buckling of
circular rings under uniform radial pressure [154,155] and the
instabilities of twisted circular or DNA rings [156,157]. In 1992,
Goto et al. [158] found that a one-loop circular ring can snap-fold
into asmaller three-loop ring, reducing in diameter to one-third of its
origina size under externa twisting loads, making it an ideal
deployable structure. Later studies[68,159] reveal ed that the elastic
stability of those one-loop or multi-loop circular ringsisinfluenced
by their intrinsic curvature—that is, the curvature in the stress-free
state, referred to asthe natural curvaturein this paper. Thering can
remain stable within a specific natural curvature range, which
depends on the ring's two bending stiffnesses and its torsional
stiffness. Recently, Zhao group [160-163] demonstrated that
polygonal rings could exhibit a snap-folding mechanism similar to
circular rings, enabling significant volume reduction under external
bending, twisting, or even point loads. More importantly, by
introducing natural curvature or kinks and creases into the rod
segments, polygonal rings can achieve multistability
[43,67,164,165]. In particular, Hutchinson and his collaborators
[124,165,166] developed a genera theoretical framework for
analyzing the elastic stability of planar rings with uniform natural
curvature. Moreover, increasing attention hasrecently been givento
the dynamic buckling and elastic stability of confined circular rings
[167-169].

3 Buckling Instability

In this section, buckling instability of several fundamental
building blocks in engineering applications is discussed, including
beams, plates, and spherical or cylindrical shells. Then, various
functional applications that harness buckling instability are
introduced, such asflexible el ectronics, shape-morphing structures,
soft robots, and metamaterials.

3.1 Buckling of Beams. Euler buckling, where an elastic beam
loses stability and buckles under asufficient axial compressiveload,
is one of the most celebrated instability problems in classical
elasticity. Euler [12] first derived the critical buckling loads of
slender beamsunder axial compressionasP,,  p®El/(kL)?, whereE
is the Young's modulus, | is the second moment of area, L is the
length of the beam, and k is a constant depending on the boundary
conditions. For clamped-clamped, hinged-hinged, and clamped-free
beams, k is taken as 0.5, 1, and 2, respectively. After the onset of
buckling, a dender elastic beam exhibits stable post-buckling
behavior: the compressive force P increases with the displacement
D, asshowninFig. 3(a). Inthe post-buckling regime, thenormalized
force—displacement curve can be described by [6,57,170]

h i

P ﬁ oD Dcr2 1)

— 1
Per S L

where D, isthe displacement associated with the onset of buckling,
Sisthe post-buckling slope characterizing the stiffness of the beam
inthe post-buckling regime, and O(j ) representsthe termsof order
greater than two. For clamped-clamped and hinged-hinged
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boundary conditions, the post-buckling slope S 1/2 [6,57],
indicating a constant post-buckling stiffness. This value is much
smaller than the dlope before buckling, implying that the beam
undergoes significant softening after buckling. Whenthebeamisnot
slender (i.e., the length-to-thicknessratio is relatively small), shear
deformation plays an essentia role in its buckling behavior. In this
situation, beam theories considering the effect of shear deformation
such as the Timoshenko beam theory or higher-order shear
deformation theory can be employed to more accurately capture
the buckling response [171].

Recently, Coulaiset al. [172] experimentally discovered that, ina
thick hyperelastic beam, the slope of the force—displacement curve
under axial compression becomes negative (i.e., S<0) in the post-
buckling regime when the thickness-to-length ratio of the beam
exceeds 0.12 (note that in the reference, the dimension of the beam
aong the bending direction isdefined asthe width, whereashereinit
is defined as thickness t, as illustrated in Fig. 3(a)). Such
discontinuous buckling behavior is attributed to material and
geometric nonlinearities [170,172], which can be effectively
captured by a 1D nonlinear beam model [170] incorporating
Mindlin-Reissner kinematics [173]. Subsequently, Chen and Jin
[174] conducted a more comprehensive study by examining a
broader range of thickness-to-length ratios and larger compressive
strains. Their results revealed that as the thickness-to-length ratio
increases, the buckling behavior of hyperelastic beams transitions
from continuous buckling (i.e., Euler buckling) to snap-through
buckling, and eventually to snap-back buckling.

Another intriguing problem in beam buckling that has received
little attention is the buckling behavior of straightened beams with
natural curvature. In this case, the beam undergoes a bending
moment arising from the difference between the curvatures in the
natural (stress-free) stateand theinitial (stressed) state, asillustrated
in the inset in Fig. 3(b)(i). Manning and Hoffman [159] initialy
studied such a problem in multiloop circular rings and found that
circular rings can be stable within a specific natural curvature range
depending on thetwo bending stiffnesses and the torsional stiffness.
Recently, Audoly and Seffen [68] and Hutchinson et al. [166]
revisited this problem using an elastic ribbon model and the
Kirchhoff rod model, respectively. In particular, Hutchinson et al.
[166] found that for abeam of length L with natural curvature j, it
can remain straight under clamped-clamped conditions when its
dimensionless natural curvature iswithin the following range:

P P
2p biby <Ljn<2p bib, )

where bl B]_/Bg and b2 Bz/B3, with B4, By, and Bs bei ng the out-
of-plane bending stiffness, torsional stiffness, and in-plane bending
stiffness, respectively. When the beam has a rectangular cross-
sectionof heighthandthicknesst, b,  (ht)?andb, 2[1 (192/p®)
(t/h) tanh(ph/2t)]/(1 ). It is seen that the dimensionless natural
curvature limits for stability only depend on the cross-sectional
aspect ratio h/t and the Poisson’sratio , and the stability range gets
wider ash/t increasesfor agiven Poisson’ sratio. Elastic beamswith
natural curvature exhibit distinct buckling behavior compared to
their naturally straight counterparts. Hutchinson et al. [38] found
that clamped-clamped beams with natural curvature can exhibit
either classical 2D Euler buckling or 3D out-of-plane buckling
involving twist under axial compression, depending on the bending
and torsional stiffnesses and the natural curvature. A phase diagram
for the hifurcation behavior is shown in Fig. 3(b)(i). It can be
observed that 3D buc'_lsling occurs within ggegion defined by the
boundariesLj, 2p biboandLj, 2p by 1 by Thecrit-
ical compressive force for 3D buckling of clamped-clamped beams
with natural curvature is given by

4p?b; 3

Pcr BS

Note that in the unstable region, the beam cannot remain straight
with clamped ends and buckles into a 3D state involving twist
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Fig.3 Buckling of slender beams, spherical shells, and cylindrical shells. (a) Classical 2D Euler buckling: normalized force P/P¢,
as a function of the dimensionless axial displacement D/L. (b)(i) Bifurcation phase diagram for slender beams with natural
curvature and clamped conditions at both ends: Dimensionless natural curvature L j, versus cross-sectional aspectratio h/t; (b)(ii)
3D buckling out-of-plane with twist of clamped-clamped slender beams with different natural curvatures under axial compression:
Normalized force P/P., as a function of the dimensionless axial displacement D/L (Adapted with permission from Ref. [38].
Copyright 2024 by Elsevier). (¢c) Knockdown factor jq as a function of the dimensionless imperfection amplitude d/t for spherical
shells with adimple imperfection at the pole under uniform pressure (Adapted with permission from Ref. [113]. Copyright 2016 by
ASME). (d) Normalized pressure p/p¢, as a function of the dimensionless pole deflection wy e/t and volume change DV/V, for
spherical shells having an imperfection in the shape of a buckling mode (Adapted with permission from Ref. [60]. Copyright 2016
The Author, published by the Royal Society). (e) Knockdown factor jgqas afunction of thedimensionless imperfection amplitude d/t
for cylindrical shells with different forms of imperfections (Adapted with permission from Ref. [114]. Copyright 2018 by ASME). (f)
Normalized force P/P., as a function of the dimensionless displacement RD/Lt for clamped-clamped cylindrical shells having an
imperfection in the shape of abuckling mode under axial compression (Adapted with permission from Ref.[14]. Copyright 1984 by
Elsevier Science Publication B.V.). (g) Normalized force P/P., as a function of the dimensionless displacement D/L for clamped-
clamped perfect cylindrical shells (Adapted with permission from [40]. Copyright 2025 by Elsevier Masson SAS).
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without requiring an external load. Figure 3(b)(ii) shows two
experimental |oads versus end-shortening characterizations for 3D
buckling (black and blue curves, aso indicated by black and blue
dotsin the phase diagram) in comparison to 2D Euler buckling (red
curve, indicated by the red dot in the phase diagram). In both 3D
buckling cases, the beam bucklesout-of-planewith twist after losing
stability. For the beam with Lj, 1.75 and h/t 0.75, the
compressive force continues to increase with displacement during
post-buckling. In contrast, for the beam with Lj, 6.03 and
h/t 1.42, the force gradually decreases in the post-buckling
regime. This indicates that a slender elastic beam with selected
natural curvature and geometric parameters can exhibit negative-
slope post-buckling behavior.

Aside from axial compression, elastic beams can aso lose
stability and buckle under twisting loads. Green [58] conducted
pioneering research onthetwistinginstability of flat, thinbeams. His
theoretical and experimental work revealed that the relationship
between thetorque and thetwistisnonlinear, and thetorqueincludes
a second-order term depending on the cube of the twist.
Subsequently, growing interest has been directed toward the
twisting instability of ribbons and strips, particularly the transition
of instability patternsin elastic ribbons under combined tension and
twist [59,175-178]. For instance, Chopin and Kudrolli [59]
investigated the instability of aflat elastic ribbon subjected to twist
under tension. They demonstrated that by simply varying theinitial
tension and thetwist angle, theinstability pattern of theribbon could
switch from a helicoid to a longitudinally/transversely buckled
helicoid to a creased helicoid and lastly to alocalized loop. Gomez
et al. [176] studied the twisting instabilities of elastic ribbons with
inhomogeneous pre-stress, and found that the ribbon could exhibit
three distinct buckling modes: microscopic twisting/bending mode,
macroscopic twisting mode, and Euler buckling mode, depending
on the level of pre-stress and the area fraction (i.e., the ratio of the
area with pre-stress to the area without pre-stress). Recently, Dai
etal. [179] demonstrated that twisting instability can betriggered by
uniaxial stretchinginaliquid crystal elastomer bilayer stripwithtwo
different director orientations. When the director orientationsin the
two layers are symmetric with respect to the stretching direction, a
larger initial deviation angle of thedirectorsleadsto greater twisting
deformation.

3.2 Bucklingof Plates. Platesare susceptibleto buckling under
sufficient in-plane compressiveloads. For rectangular plateswith all
edges simply supported, the critical buckling load under in-plane
compression can be solved analytically, which is determined by [4]

m2p? n2p? mp?  n2p? 2
N Ve P e )
whereD Eh¥[12(1 ?)] isthe flexural rigidity with h being the
thickness of the plate, N, and N, are the compressive forces per unit
length, a and b are the lengths, and m and n are the half-
wavenumbers in the x and y directions, respectively. In particular,
under equibiaxial compression (i.e., Ny N,), the critical buckling
load is obtained whenm n 1, yielding Ny, p°D(V/a® 1/b?).
For post-buckling behavior, numerous studies have shown that
plates under in-plane compression exhibit stable post-buckling
behavior, allowing them to carry loads much higher than the critical
buckling load [180-182]. For long rectangular plates|oaded at their
shorter edges, a mode jumping phenomenon can occur in the post-
buckling regime. In this case, the mode shape changes abruptly,
accompanied by an increase in the number of buckles along the
loading direction. For instance, Stein [182,183] experimentally
observed that the number of bucklesincreased incrementally from 5
to 8 during uniaxial compression of a doubly-clamped rectangular
plate with a length-to-width ratio of 4. Subsegquent research has
suggested that this phenomenon resultsfrom theinteraction between
higher-order buckling modes[184—186], an effect which dependson
both the aspect ratio and the boundary conditions of the plates.
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Moreover, several studieshave focused on thetwisting instability
of thin plates [187-189]. To mention a few, Crispino and Benson
[187] analyzed the elastic stability of orthotropic rectangular plates
under tension and twist using the transfer matrix method. They
found that the critical twist at which buckling occurs can be
significantly increased or decreased by adjusting the ratio of the
elastic moduli E,/E, inthe two in-plane orthogonal directions when
al other parametersarefixed. Additionally, external tensiontendsto
increase the critical twist, thereby delaying the onset of buckling.
Recently, Wang et al. [189] investigated the wrinkling evolutionin
twisted thin filmswith two fixed endsthrough numerical simulations
and experiments. Their results revealed that, as the twisting angle
increases, thin films exhibit three distinct wrinkling evolutions
depending on their length-to-width ratios.

3.3 Bucklingof Shells. Shell bucklingisaclassical mechanical
instability problem that has attracted tremendous research attention
over the past century. Thebuckling of spherical shellsunder external
pressure and cylindrical shellsunder axial compression are the two
most widely studied shell buckling problems. In 1915, Zoelly [95]
first obtained the critical buckling pressure of a perfect spherical
shell under external uniform pressure

2E
Por P_—

5
a1 2 ©

Ol ~

wheret representsthe thicknessand R denotestheradius of the shell.
However, the experimentally measured critical buckling pressureis
aways much lower than the theoretical prediction [190,191],
indicating that buckling instability of spherical shells is highly
sensitive to geometric imperfections. Over the past several decades,
the imperfection sensitivity of buckling and post-buckling behavior
in pressurized spherical shells has been extensively studied,
considering various forms of imperfections [60,108,113,192,193].
Some representative results are presented in Figs. 3(c) and 3(d).
Figure 3(c) shows the knockdown factor j4 as a function of the
dimensionlessimperfection amplituded/t for spherical shellswitha
dimpleimperfection at the pole [113]. It is seen that the knockdown
factor ranges from approximately 0.15 to 0.75 for the various
imperfection amplitudes considered. j4 decreases rapidly in the
range of 0<d/t 1.5 and then plateaus around jq4 0.2 when
d/t>1.5. This suggests that the critical buckling load of spherical
shells can be rationally designed by tuning the imperfection
amplitude. Imperfection sensitivity in the initial post-buckling
behavior of spherical shellshaving imperfectionsin the shape of the
buckling mode under uniform pressureisillustratedin Fig. 3(d) [60],
which presents the normalized pressure as a function of dimension-
less pole deflection (left) and volume change (right). When the
imperfection amplitudeisrelatively small (e.g.,d/t  0.25), theshell
exhibits a peak pressure in the early stage at wyge/t 1,
corresponding to the critical buckling state. At the critical state,
the shell is unstable, characterized by a significant decrease in
pressure with increasing deformation and volume change. In
particular, if the volume change is prescribed and increased
monotonically, the pressure undergoes a sudden drop at the onset
of buckling, atypical snap-back instability phenomenon, which will
be further introduced in Sec. 4. However, when the imperfection
amplitude is sufficiently large (e.g., d/t 0.5), the shell does not
display a peak pressure in the early stage. In this case, no snapping
occurs at the onset of buckling, and the pressure gradually increases
to a peak and then decreases as the pole deflection and volume
change increases. Therefore, the imperfection amplitude signifi-
cantly influences the post-buckling response of spherical shells.
Similar tothe buckling of spherical shellsunder external pressure,
the buckling of cylindrical shellsunder axial compression is highly
sensitiveto geometricimperfections, resulting in ameasured critical
buckling load that is significantly lower than the theoretical
prediction [99,101]. The theoretical value for the critical buckling
force of cylindrical shells under axial compression was
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independently derived by Lorenz [194], Southwell [195], and
Timoshenko [93] around the 1910s, and is given by

2pEt?
31 2

P (6)

The knockdown factor j4 of cylindrical shells under axial
compression as a function of the dimensionless imperfection
amplitude d/t for two different kinds of imperfections is shown in
Fig. 3(e). The first kind is a global axisymmetric sinusoidal
imperfection initially studied by Koiter [107], which is generally
regarded as the worst-case imperfection. As d/t increases, jq
decreases to approximately 0.2 when d/t 1. The second kind is a
more realistic local dimple imperfection [114,115,196,197].
Gerasimidis et a. [114] demonstrated that the knockdown factor
in this case depends on both the amplitude and aspect ratio of the
imperfection. For small imperfection amplitudes, the aspect ratio of
the dimple imperfection has little influence on the knockdown
factor, which is nearly the same as that of the axisymmetric dimple
imperfection. However, at larger imperfection amplitudes, the
knockdown factor is higher than that of the axisymmetric dimple
imperfection and decreases asthe aspect ratio increases. For smaller
aspect ratios (e.g., alb 2), the knockdown factor eventualy
reaches a plateau at a value dightly below 0.5 as the imperfection
amplitude increases. Additionally, based on various experimental
results, Weingarten et al. [198] proposed a formula to predict the
lower bound of the knockdown factor for cylindrical shells under
axial compression, as

which has been adopted by NASA asadesign rule [100] for buckling
of cylindrical shellsunder axial compression. It should be stated that
efforts over the last several decades have focused on justifying less
conservative knockdown factors, rationalized by the argument that
well-constructed shells are more likely to have local imperfections
than highly correlated global ones. The updated approach, as
summarized in the revised NASA report [199], makes use of
computational methods to model buckling in the presence of realistic
imperfections.

Geometric imperfections also significantly influence the initial
post-buckling behavior of cylindrical shells under axial compres-
sion[14,106]. Figure 3(f) showstheeffect of imperfectionamplitude
on the normalized force—displacement curve obtained by Y amaki
[14] using Koiter'sinitial post-buckling theory, where acylindrical
shell having imperfections in the shape of a buckling mode was
considered. Similar to the spherical shells under uniform pressure,
cylindrical shells with small-amplitude imperfections (e.g.,
I 0.05)display apeak forcein the early stage of loading, followed
by adramatic drop in the load. Thisindicates that the shell exhibits
an unstable initial post-buckling response, accompanied by a
significantly reduced load-carrying capacity after buckling. For
shells with large-amplitude imperfections (e.g., I  0.8), the force
increases monotonically with the displacement and reaches a
plateau. It should be noted that perfect cylindrical shellsunder axial
compression possess multiple post-buckling equilibrium paths that
exist at lower loads than the classical buckling load, corresponding
to different circumferential wavenumbers [14,40,103], such as the
results shown in Fig. 3(g) obtained using the Donnell shell model
integrated with the Galerkin method [40]. Moreover, under
displacement-controlled axial loading, both experiments [14,40]
and simulations[200] have demonstrated that the shell snapsfromone
equilibrium path and buckling mode to another, with the circumfer-
ential wavenumber decreasing one by one. During this process, the
shell exhibits a diamond-shaped buckling pattern (see the inset in
Fig. 3(g)). Upon unloading, the shell follows anew equilibrium path
with a lower buckling load, as illustrated by the dashed line in
Fig. 3(g), revealing an irreversible loading-unloading behavior.

Applied Mechanics Reviews

Additionally, considerable attention has been paid to the buckling
of cylindrical shells under other types of loads such as torsion
[94,111], pressure [112], bending [201], and combined loads
[40,202]. In particular, under torsional loads, cylindrical shells
exhibit adiagonal-shaped buckling pattern, and no snapping occurs
at the onset of buckling. Under combined torsional and axial loads, a
twisted diamond-shaped pattern can be observed when the
compressive load dominates over the torsional load [40].

3.4 Functional Applications by Harnessing Buckling
Instability. The shape and stiffness changes induced by buckling
instability offer a powerful strategy for designing functional
structures. By harnessing compressive buckling, Rogers and Huang
et al. [203,204] proposed a strategy for stretchable electronics by
structuring asilicon membraneinto amesh and bondingit ontoapre-
strained elastomer substrate only at the nodes (the white square
areas), as shown in Fig. 4(a)(i). Upon releasing the pre-strain of the
substrate, the buckled interconnecting ribbons can move freely out
of the plane and accommaodate applied strains of 100% or more. Xu
etal.[205] improved thedesign strategy by engineering thelayout of
2D precursors and their bonding sites on the substrate, enabling the
transformation of 2D sheetsinto diverse, complex 3D configurations
via compressive buckling. For example, the 2D closed-loop
serpentine and star-shaped precursorsbuckleinto flower and butterfly
configurations, respectively, upon releasing the pre-strain when
bonded at the designed sites (indicated by thered dotsin Fig. 4(a)(ii)).

Moreover, buckling instability can be utilized for designing
shape-morphing structuresto achieve desired shapes[206-208]. An
et al. [208] introduced a shape-morphing strategy that can convert
initially flat shapes into intricate 3D configurations via tensile-
induced buckling. AsshowninFig. 4(b)(i), thedesignisenabled by a
stretchable substrate with attached restraining strips. By rationally
designing the orientations and dimensions of the restraining strips,
the system can buckle into various target 3D shapes (e.g., a vase
shape) under stretching due to stiffness mismatch between the
restraining strips and the substrate, along with Poisson’s effect.
Siefert et al. [206] proposed a shape-morphing strategy to achieve
desired 3D shapes using thin elastomer plates. The plate is
embedded with a network of airways, which can be pneumatically
actuated to buckleinto atarget 3D equilibrium state by designing the
airway direction and density. For example, circular concentric
airways lead to acone or spherical cap shape, whileradial channels
result in a saddle shape (see Fig. 4(b)(ii)). Zhang et a. [207]
developed a shape-morphing strategy using perforated kirigami,
which can transform flat 2D sheetswith prescribed cutsinto desired
axisymmetric 3D shapes. By adding small pores or perforations to
the kirigami, its bending stiffness can be accurately controlled to
achieve a desired elastic deformation upon buckling, such as the
apple and roof shapes shown in Fig. 4(b)(iii).

Recently, buckling instabilities of beam, plate, and shell
structures have been leveraged to enable locomotion and manipu-
lation in soft robots [209-212]. For instance, Nagarkar et al. [210]
designed an amphibious morph-bot by harnessing the reversible
buckling instability of a pneumatically actuated circular sheet. As
shown in Fig. 4(c)(i), pneumatic ring actuators are attached to the
circular sheet, which trigger buckling and symmetry breaking when
the pressure inside the ring surpasses a critical value. The resulting
asymmetry in the sheet |eads to an asymmetric interaction with the
environment and thereby generates|ocomotion on land or in water.
Xi et a. proposed [212] a self-propelled buckle-bot capable of
directed motion and maze navigation via buckling-enabled
morphology modulation. The buckle-bot comprises two
centimeter-sized self-propelled microbots connected by an elastic
beam, and the two microbots can exert forcesto bucklethe beam and
set the buckle-bot in motion. When interacting with boundaries or
obstacles, the buckle-bot exhibits emergent behavior, such as
efficiently navigating a maze within 25s (Fig. 4(c)(ii)).

Additionally, buckling instability serves as an ideal platform to
design metamaterials with tunable properties, including acoustic
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Fig. 4 Functional applications by harnessing buckling instability. (a) Buckling enabled stretchable electronics: (i) Stretchable
electronics enabled by bonding asilicon membrane mesh onto apre-strained elastomer substrate only at the nodes, i.e., the white
square areas (Adapted with permission from Ref.[203]. Copyright 2010 by American Association for the Advancement of Science);
(if) stretchable electronics with programmable 2D precursor layouts and substrate bonding sites (Reproduced with permission
from [205]. Copyright 2015 by American Association for the Advancement of Science). (b) Buckling enabled shape-morphing
structures: (i) Substrate with restraining strips which can approximate target 3D shapes under stretching (Reproduced with
permission from Ref. [208]. Copyright 2024 The Authors, some rights reserved; exclusive license American Association for the
Advancement of Science); (ii) pressure-actuated elastomer plate which can achieve desired 3D shapes (Reproduced with
permission from Ref. [206]. Copyright 2018 The Authors, under exclusive license to Springer Nature Limited); (iii) perforated
kirigami which can transform into desired axisymmetric 3D shapes (Adapted with permission from Ref. [207]. Copyright 2022 by
Elsevier). (c) Buckling enabled soft robots: (i) Amphibious morph-bot enabled by buckling instability of a pneumatically actuated
circular sheet (Adapted with permission from Ref. [210]. Copyright 2021. Published under the PNAS license); (ii) self-propelled
buckle-bot enabled by buckling instability of an elastic beam (Reproduced with permission from Ref. [212]. Copyright 2024 The
Authors, published by PNAS). (d) Metamaterials by harnessing buckling: (i) Mechanical metamaterials with programmable
force—displacement response and polarization: The left panel shows experimental images of the metamaterial, and the right panel
shows the force F, and polarization X as a function of the strain e, in the y-direction when strain in the x-direction is prescribed
(Reproduced with permission from Ref. [217]. Copyright 2014 by American Physical Society); (ii) chiral metamaterial with high
recoverable elastic energy density: The top panel presents schematics of the unit cell and the resulting metamaterial, and the
bottom panel compares the stress—strain responses of metamaterials composed of chiral and nonchiral unit cells (Adapted with
permission from Ref. [218]. Copyright 2025 The Authors, published by Springer Nature); (iii) metafluid with programmable
properties composed ofincompressiblefluid mixed with highly deformable spherical capsules (Adapted with permission from Ref.
[219]. Copyright 2024 The Authors, under exclusive license to Springer Nature Limited).
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bandgaps [213], Poisson’s ratio [214,215], force—displacement
response [24,216,217], mechanical energy storage [218], and
viscosity [219]. To mention afew, Florijn et al. [217] introduced a
mechanical metamaterial consisting of aporoussheet patterned with
aregular array of large and small holes. When the metamaterial is
confined in the x-direction with different strains, it exhibits diverse
force—displacement responses and pol arizations under compression
in the y-direction due to the pattern transformation triggered by
buckling (Fig. 4(d)(i)). As the confining strain increases, the
force—displacement curves vary from monotonic to nonmonotonic,
and then exhibit a hysteretic transition, and finaly return to
monotonic. Fang et al. [218] developed a 3D mechanical
metamaterial composed of freely rotatable chiral lattices, as shown
in Fig. 4(d)(ii). Benefitting from the torsional buckling of the chiral
units, the metamaterial exhibits significantly enhanced stiffnessand
recoverable elastic energy density compared to conventional
nonchiral lattice metamaterials. Recently, Djellouli et a. [219]
presented a metafl uid—a metamaterial composed of an incompres-
sible fluid mixed with highly deformable spherical capsules
(Fig. 4(d)(iii)). By harnessing the reversible buckling of elastomeric
capsules, the metafluid’'s compressibility, optical behavior, and
viscosity can be tuned.

4 Snap-Buckling Instability

Snap-buckling instability typically occurs in elastic structures
possessing multiple equilibrium states, where the structure under-
goes asudden transition between these statesin response to external
loading. In this section, we begin by introducing snap-buckling in
elastic structures with one or two stable states (i.e., monostable and
bistable structures) and then extend the discussion to elastic
structures having more than two stable states (i.e., multistable
structures). Finally, weintroduce functional applicationsenabled by
snap-buckling instability.

4.1 Monostable and Bistable Structures. One of the most
representative structures exhibiting snap-buckling behavior is the
curved beam. As shown in Fig. 5(a)(i), when subjected to a
concentrated force at its midpoint (or aternatively triggered by
rotational displacement at the end [61,220]), the curved beam
undergoes a sudden transition to another equilibrium state. The
resulting equilibrium state may be stable or unstable, depending on
the geometric parameters and boundary conditions of the beam
[61,63,221]. Snap-buckling instability leads to a nonmonotonic
force—displacement response. Based on the structure’'s behavior at
thelimit point of theforce—displacement curve, it can beclassified as
snap-through instability or snap-back instability. Snap-through
instability typically arises under force-controlled loading, as
illustrated in Fig. 5(a)(ii). When the applied force reaches a limit
point (point A), the structure abruptly transitions to another state
(point B), resulting in a significant increase in displacement. The
complete, smooth equilibrium path, often inaccessible under force-
controlled loading, can be obtained using displacement-controlled
methods. Snap-through instability commonly leads to a
dramatic shape change, as observed in the snapping of curved
beams. In contrast, snap-back instability generally occurs under
displacement-controlled loading. When the applied displacement
reachesalimit point (point A), the structure suddenly transitionsto
another state (point C) with a significant drop in load. The full
equilibrium path, which folds back in load, can be traced numeri-
cally using continuation methods such as the Riks method [222].
Snap-back instability often leads to a loss in load-carrying
capability, as seen in the buckling of spherical shellsunder uniform
pressure and cylindrical shells under axial compression. In both
cases, if there is a second stable equilibrium state (e.g., the orange
and purple dots on the force—di splacement curves), the structure can
retain its deformed shape after the external load is removed,
resulting in bistability. Otherwise, the structure spontaneously
returns to its original state upon unloading, resulting in
monostability.

Applied Mechanics Reviews

Another type of elastic structure that shows snap-buckling
behavior iselastic rings. Asshown in Fig. 5(b)(i), an elastic circular
ring isakind of deployable structure, which can snap into athree-
loop overlapping configuration with one-ninth the area of its
deployed state under twisting or bending loads [32,158]. Interest-
ingly, the three-loop circular ring can be further folded into afive-
loop state[68,223]. Theel astic stability of these 1-loop or multi-loop
circular rings depends on their natural curvature and cross-sectional
aspect ratio [68,159,166]. Recently, Zhao group [160-163] found
that polygonal rings can also undergo snap-buckling and fold into
small volume states under external twisting, bending, or even point
loads. In particular, the hexagonal ring not only exhibits an extreme
packing ability (foldsto 10.6% of itsinitial area[161]) compared to
various other rings but can also be tessellated or assembled into
gapless 2D or 3D structures, making it a promising building block
for deployable aerospace structures. For example, a four-hexagon
3D assembly and a 2D tessellation can be stacked and then folded
into compact stateswith only 0.4% of theinitial volume and 2.7% of
theinitial area, respectively [224] (Fig. 5(b)(ii)). Moreover, Yuet al.
[125] demonstrated that creased annular strips can invert into other
states through snap-through instability (Fig. 5(b)(iii)).

As introduced in Sec. 3, spherical shells under external pressure
and cylindrical shells under axial compression exhibit snap-back
instability after the onset of buckling. Such snapping significantly
reduces the buckling load, while the overall shape remains largely
unchanged. Recent studieshave shown that spherical and cylindrical
shells can exhibit snap-through instability with significant shape
changesthrough other |oading methods (e.g., indentation) [225,226]
or by introducing geometrical modifications [70,227] or natural
curvatures [69,228], such as an elastic thin spherical shell with a
large axisymmetric imperfection (Fig. 5(c)(i)) [70], a bilayer
polymeric shell with large natural curvature (Fig. 5(c)(ii)) [69],
and acylindrical shell with an appropriately designed planar crease
(Fig. 5(c)(iii)) [227]. Similar to beam and shell structures, plate
structures exhibit snap-buckling instability when curvature or a
crease is introduced. Two common examples of curved plates are
cylindrical panels [42,64] and saddle-shaped panels [229,230],
which can snap into the other stable states under external bending or
compressiveloads (Fig. 5(d)(i)). Other examplesinclude corrugated
sheets (Fig. 5(d-ii)) [65] and creased disks (Fig. 5(d)(iii)) [231].
Interestingly, Liu et al. [65] recently demonstrated that corrugated
sheetsexhibit aloading-position-dependent bistability under apoint
load. When loaded within a specific region, the sheets are bistable,
otherwise, they become monostable.

In addition to curved beams, rings, plates, and shells, origami
structures with specific crease pattern designs can exhibit snap-
buckling phenomena due to the competition between the bending
energy of their panels and the stretching/folding energy of their
creases during folding and unfolding. Examples include the
Kredling origami [44,232,233], the square-twist origami [71], the
origami hypar [126], and the origami waterbomb base [234]
(Fig. 5(e)), which can transition into the second equilibrium state
under compression/twisting, twisting, bending, and point load,
respectively. Stability of the second equilibrium state dependsonthe
geometric parameters, mountain and valley crease assgnment, and
panel and crease siffnesses, etc. Similarly, kirigami structures
experience elastic energy competition between the panels and hinges
during deployment, which can trigger sngpping when their cut patternsare
carefully desgned, such asin the geometric motif-ingpired planar kirigami
[45] and the sphericad quedrilaterd kirigami [72] shown in Fg. 5(f).

4.2 Multistable Structures. Multistable structures are usually
obtained by assembling multiple bistable unitsin parallel or series.
In fact, certain elastic structures can exhibit intrinsic multistability
through specific structural or geometric designs. One powerful
strategy is using elastic rings with the introduction of natural
curvature [43,124,165] or kinks and creases [67,164,235]. For
example, Lu et al. [124] designed acurved-sided hexagram ring that
has four stable states within a specific natural curvature range. The
four stable states transition between one another through either
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Fig. 5 Monostable and bistable structures exhibiting snap-buckling instability. (a) Curved beams: (i) schematic illustration of
snap-buckling instability of a curved beam; (ii) force—displacement curve in snap-buckling instability. (b) Elastic rings: (i)
schematic illustration of snapping of a circular ring under twisting; (ii) folding of 3D assembly and 2D tessellation of hexagonal
rings (Adapted with permission from Ref. [224]. Copyright 2022 by ASME); (iii) snapping enabled inversion of creased annular
strips with different crease numbers (Adapted with permission from Ref. [125]. Copyright 2023 The Authors, published by PNAS).
(c) Spherical/cylindrical shells: (i) snapping of a spherical shell with large axisymmetric imperfection under decreasing inner
pressure (Adapted with permission from Ref. [70]. Copyright 2020 by Elsevier); (ii) snapping of bilayer spherical shells with
different natural curvatures (Reproduced with permission from Ref. [69]. Copyright 2018 by American Physical Society); (iii)
snapping of acylindrical shell with a carefully designed crease (Reproduced with permission from [227], published by PNAS). (d)
Curved plates: (i) two stable states of a curved panel (Reproduced with permission from Ref. [42]. Copyright 2014 by Elsevier); (ii)
loading-position-dependent snapping of acorrugated sheet under apointload (Adapted with permission from Ref. [65]. Copyright
2025 by Elsevier); (iii) two stable states of acreased disk (Reproduced with permission from Ref. [231]. Copyright 2021 by American
Physical Society). (e) Origami structures: Kresling origami (Adapted with permission from Ref. [44]. Copyright 2017 The Authors,
published by Springer Nature), square-twist origami (Adapted with permission from Ref. [71]. Copyright 2015 by Springer Nature),
origami hypar (Adapted with permission from Ref. [126]. Copyright 2019 The Authors, published by Springer Nature), and origami
waterbomb base (Adapted with permission from Ref. [234]. Copyright 2014 by IOP Publishing Ltd). (f) Kirigami structures:
Geometric motif-inspired kirigami (Adapted with permission from Ref. [45]. Copyright 2016 by Elsevier) and spherical quadrilateral
kirigami (Adapted with permission from Ref. [72]. Copyright 2022 by American Physical Society).
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inversion or folding/unfolding, as illustrated in Fig. 6(a)(i). More-
over, the curved-sided hexagram ring exhibits different snap-
buckling behavior depending onitsnatural curvature[43]. Asshown
inFig. 6(a)(ii), when thedimensionless natural curvatureis0.25, the
ring undergoes snap-back instability and folds into the three-loop
line. However, when the dimensionless natural curvature increases
to 0.26, the ring instead displays snap-through instability, and
invertsinto the daisy hexagram. Such natural curvature-dependent
multistability also existsin various polygonal rings, for example, an
octagonal ring with a rectangular cross-section can show up to six
distinct stable states [165]. In another work, Huang et a. [164]
demonstrated that elastic polygonal ribbons with kinks and annular
ribbons with creases can both exhibit multiple saddle-like stable
configurations by strategically designing the number and angle of
kinks/creases. Utilizing slender rods as building blocks, Leanza
et al. [38] recently introduced a new type of multistable structure
termed elastic rod origami. As shown in Fig. 6(b), the elastic rod
origami is constructed by assembling six elastic rods with natural
curvature between two rigid hexagonal frames. The individual rods
experience 3D buckling with twist under axial compression and
doubly clamped conditions. When subjected to sufficient compres-
sion, the elastic rod origami snapsinto a collapsed state (correspond-
ing to the O deg statein Fig. 6(b)). Depending on the natural curvature
of therod, the collapsed state can transition into four or five additional
stable states through twisting at the top end by different angles.

Apart from elastic rings and rods, compliant mechanisms,
composed of rigid elements linked by flexible hinges, can exhibit
multistability by carefully designing the flexible hinges
[236,242,243], such as the quadra-stable 6-revolute (6R) spatial
linkages[236] illustrated in Fig. 6(c). Additionally, researchershave
demonstrated that elastic sheets can achieve multiple stable states
through specialized structural design. Examples include a multi-
stable sheet formed by bonding four identical carbon fiber composite
stripsto a pre-stretched soft membrane [237] and embossing a sheet
with patterned parallel grooves [66], as shown in Fig. 6(d).
Furthermore, multistablity can also be achieved in conventional
origami  structures through geometric or material design. For
instance, Fig. 6(e)(i) shows an origami building block with
degree-four vertex (i.e., four rigid panels connected by four creases
that meet at a single vertex). Waitukaitis et al. [238] demonstrated
that this origami building block can achieve four stable statesin its
two motion branches (indicated by solid and dashed linesin Fig. 6(€)
(i) by rationally designing theresting angles of itsfour rigid panels.
As introduced in Fig. 5(¢), the square-twist origami exhibits
bistability. However, when fabricated using a multimaterial 3D
printing techniquewith creases made of soft rubber and panelsmade
of arigid material, the creases could provide additional stretching
and compressing degrees-of-freedom, resulting in two folded-flat
stable states in addition to the initial flat states (Fig. 6(€)(ii)) [239].
Moreover, by introducing an extradiagonal mountain creasein each
unit cell of the Kresling pattern, the resulting structure can exhibit
onefolded stable state and two deployed stable states (Fig. 6(e)(iii))
[240]. Similarly, kirigami structures can be multistable with
carefully designed cut patterns, such asthetristable kirigami cuboid
[241] shown in Fig. 6(f)(i). Additionaly, Jiao et a. [25] recently
demonstrated that by embedding permanent magnets into a rigid
rotating square system, the resulting kirigami structure exhibits
three distinct stable states, asillustrated in Fig. 6(f)(ii), due to the
competition between the elastic energy of the hinges and the
nonlinear magnetic interactions between squares.

4.3 Functional Applications by Harnessing Snap-Buckling
Instability. The significant shape changes and sudden release of
elastic energy in snap-buckling instability provideanideal platform
for designing soft robots capable of diverse locomotion and
manipulation, including jumping [244,245], swimming [33,246],
rolling [247], crawling [248], and gripping [249,250]. To mention a
few, Gorissen et al. [244] designed a soft jumper consisting of two
spherical caps. Upon inflation, the inner cap rapidly inverts due to
snap-buckling, enabling jumping (Fig. 7(a)(i)). By optimizing the

Applied Mechanics Reviews

geometric and material parameters, the jump height can reach up to
nine times the cap’s radius. Qing et al. [246] developed a soft
flapping swimmer featuring a monostable wing composed of two
bonded ribbons and a pneumatic actuator (Fig. 7(a)(ii)). The wing
spontaneously snapsback toitsinitial stable state without additional
energy input, enabling the swimmer to achieve a high speed of 6.8
body lengths per second. Moreover, by controlling the actuation
frequency, the swimmer can navigate through underwater environ-
ments. In another work, Wu et al. [249] introduced arobotic arm by
assembling multiple bistable Kresling origami units with magnetic
plates. By programming the magnetization directions of the plates,
the robotic arm can achieve stretching, bending, and twisting
motions under magnetic actuation. Asshown in Fig. 7(a)(iii), it can
grasp an object within four seconds.

Snap-buckling instability can also be used in the design of shape-
morphing structures [66,251-254]. Benefitting from their intrinsic
stability, these structures can have one, two, or multiple different
shapes and maintain them without additional constraints. Examples
include bistable kirigami tessellations with specially designed cut
patterns that can achieve any target 2D or 3D shape (Fig. 7(b)(i))
[253], multistable hydrogel sheetsenabled by bistablejoints(Fig. 7(b)
(if)) [252], and straw-inspired multistable metawires that can be
reconfigured into target 2D or 3D spatia curves (Fig. 7(b)(iii)) [251].

On the other hand, snap-buckling instability has widespread
applications in metamaterials. Bistable/multistable structures
exhibiting snap-buckling instability typically possess distinct
stiffnesses in different stable states, enabling the design of
mechanical metamaterials with tunable mechanical responses
[26,256,257]. For example, Chen et al. [26] introduced amechanical
metamaterial comprised of an array of bistable elastic shells with
magnetic caps, where the stable state of each unit cell can be
independently controlled via magnetic actuation (Fig. 7(c)(i)). By
programming the stable states of individual unit cells, the
metamaterial exhibitsdiverse force—displacement responses. More-
over, the sudden release of elastic energy during snap-buckling can
be harnessed for energy trapping in metamaterials [34,255,258],
such as the example shown in Fig. 7(c)(ii), where the multistable
metamaterial composed of shell units with multilayer staggered
perforations on the surface demonstrates high rigidity and enhanced
energy absorption performance under loading. Bistable/multistable
structures can also serve as mechanical memory storage units for
mechanical computing [44,259-261]. For instance, Yasuda et al.
[44] devel oped amechanical memory storage device using Kresling
origami, whereaKresling assembly functionsasaunit cell withtwo
stable states, representing binary “0” and “1” (Fig. 7(c)(iii)). By
combining two such unit cells, the system can transition between
four stable statesto store two-bit information (“00”, “01”, “10”, and
“11") through snap-through instability. Leveraging their multiple
configurations and stiffness variations, bistable/multistable struc-
tures can also be used in metamaterials for elastic wave
manipulation [38,262,263]. Figure 7(c)(iv) illustrates an example
based on elastic rod origami [38], where tessellated elastic rod
origami formsamultistable metamaterial with afully deployed state
(al unitsarewithout twist), ahomogeneousfolded state (each unitis
twisted by 180 deg), and multiple heterogeneous folded states
(achieved by twisting individual unit cellsto different angles). Inthe
deployed state, an elastic wave can freely propagate through the
metamaterial. However, in the homogeneous folded state, the wave
is amplified when the frequency is near the system’'s resonant
frequency f 2.5Hzandisolated whenthefrequency (e.g., 15Hz)is
away from the resonant frequency. Additionally, when excitationis
applied to the center unit cell, it remains localized and cannot
propagate in the deployed state, but propagates throughout the
metamaterial in the homogeneous folded state, acting as a wave
propagation switch.

5 Surface Instability

Surface instabilities are widely observed in soft materials and
biological systems, which are characterized by low elastic moduli
and are highly sensitive to external stimuli. When subjected to
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Fig. 6 Multistable structures exhibiting snap-buckling instability. (a) Multistable elastic rings: (i) state transitions between the
four stable states of acurved-sided hexagram ring; (i) moment versus bending angle curve for curved-sided hexagram rings with
different natural curvatures under bending loads (Adapted with permission from Ref. [43]. Copyright 2023 by Elsevier). (b)
Multistable elastic rod origami: schematic illustration and transitions between multiple stable states induced by twisting (Adapted
with permission from the authors [38]). (c) Multistable compliant mechanisms: quadra-stable 6R spatial linkages (Adapted with
permission from Ref. [236]. Copyright 2024 The Authors, published by Wiley-VCH GmbH). (d) Multistable elastic sheets: (i) energy
landscape of a stretched membrane bonded with carbon fiber composite frames and three stable states of its planar tessellation
(Adapted with permission from Ref. [237]. Copyright 2022 The Authors, published by Wiley-VCH GmbH); (ii) multiple stable states
of a sheet embossed with parallel grooves (Reproduced with permission from Ref. [66]. Copyright 2023 The Authors, under
exclusive license to Springer Nature Limited). (e) Multistable conventional origami: (i) Origami with four-degree vertex: energy
landscapes associated with two different folding paths, where q; is the folding angle (Adapted with permission from Ref. [238].
Copyright 2015 by American Physical Society); (ii) multimaterial 3D printed square-twist origami (Adapted with permission from
Ref.[239]. Copyright 2020 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim); (iii) modified Kresling origami (Reproduced with
permission from Ref. [240]. Copyright 2023 The Authors, published by Oxford University Press on behalf of National Academy of
Sciences). (f) Multistable kirigami: (i) kirigami cuboid (Adapted with permission from Ref. [241]. Copyright 2022 The Authors,
published by PNAS); (ii) kirigami embedded with magnets. Schematic of a unit cell and the corresponding energy landscape
during shape morphing (Reproduced with permission from Ref. [25]. Copyright 2024 The Authors, published by Springer Nature).
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Fig.7 Functional applications by harnessing snap-buckling. (a) Snapping-enabled soft robots: (i) inflatable soft jumper enabled
by snapping of spherical caps (Reproduced with permission from Ref. [244]. Copyright 2020 The Authors, some rights reserved;
exclusive license American Association for the Advancement of Science); (ii) pneumatically actuated soft flapping swimmer
enabled by snapping of bonded ribbons (Adapted with permission from Ref. [246]. Copyright 2024 The Authors, some rights
reserved; exclusive license American Association for the Advancement of Science); (iii) magnetic origami robotic arm enabled by
snapping of Kresling origami (Adapted with permission from Ref. [249]. Copyright 2021 The Authors, published by PNAS). (b)
Bistable/multistable shape-morphing structures: (i) bistable kirigami tessellation that can approximate a target surface
(Reproduced with permission from Ref. [253]. Copyright 2019 The Authors, under exclusive license to Springer Nature Limited);
(if) multistable hydrogel sheet enabled by bistable joints (Reproduced with permission from Ref. [252]. Copyright 2023 by Wiley-
VCH GmbH); (iii) multistable metawire that can approximate a target spatial curve (Reproduced with permission from Ref. [251].
Copyright 2021 by Elsevier). (c) Metamaterials by harnessing snap-buckling: (i) metamaterial for tunable mechanical response
enabled by snapping of conical shells with magnetic caps (Adapted with permission from Ref. [26]. Copyright 2021 The Authors,
under exclusive license to Springer Nature Limited); (ii) metamaterial for energy absorption enabled by snapping of perforated
shells (Adapted with permission from Ref.[255]. Copyright 2021 by Wiley-VCH GmbH); (iii) metamaterial for mechanical computing
enabled by a Kresling origami assembly (Reproduced with permission from Ref. [44]. Copyright 2017 The Authors, published by
Springer Nature); (iv) metamaterial for elastic wave manipulation enabled by the snapping of an elastic rod origami tessellation
(Adapted with permission from the Authors [38]).

Applied Mechanics Reviews MAY 2026, Vol. 78 / 030801-15

G20z Jequieoa( Lo Uo Jasn Asiaaiun piojuels Aq 1pd0201-GZ-IWe/PSEYZS /L 080E0/E/8./ipd-a1o1ue/smalraisolueyoswpaldde;/B10-awse uonos|joojebipsse//:dny woly papeojumoq



external stimuli such ascompressiveforces, temperature changes, or
growth and remodeling, these systems are prone to large
deformation and loss of stability, giving rise to various surface
morphologies due to their inherent material nonlinearity. In this
section, we first discuss surface instabilities in soft materials (e.g.,
homogeneous elastomers and flat or curved film/substrate systems)
and biological systems (e.g., living tissues, organs, and plants),
followed by an introduction to functional applications enabled by
surface instabilities.

5.1 SurfaceIngtabilitiesin Soft Materials. When a homoge-
neous soft material is compressed beyond a critical load, surface
instability occurs. Biot [133] first studied thisproblemin 1963 using
linear perturbation analysis and model ed the soft material asasemi-
infinite neo-Hookean material . Hisanal ysisreveal ed that the surface
loses stahility and forms sinusoidal wrinkles when the compressive
strain reaches 0.46. However, many subsequent experiments
[134,264] observed creases rather than wrinkles in the surface
instability of elastomerssuch asgelsand rubbers. For example, Gent
and Cho [134] found that sharp creases (Fig. 8(a)) formed on the
surface of arubber block at acritical compressivestrainof 0.35. This
critical strain for the onset of creases has been validated by many
other researchers through different approaches [73,74,135]. In
particular, Hohlfeld and Mahadevan [74,135] first distinguished
creasing and wrinkling as two distinct types of instability occurring
at different critical strains. Specificaly, wrinkling is a linear
instability that arisesfrom aperturbation withinfinitesimal strain. In
contrast, creasing isascale-free, subcritical nonlinear instability that
emerges from a perturbation with finite strain but infinitesmal
length of self-contact. Moreover, Cao and Hutchinson [136]
conducted a posthifurcation analysis for wrinkling instability to
explore the connection between wrinkling and creasing. They found
that wrinkling is extremely unstable and highly imperfection-
sensitive, and will dynamically collapseinto the creasing mode even
with atiny initial imperfection.

Although wrinkling is too unstable and imperfection-sensitive to
be observed in a compressed homogeneous elastomer, a stable
wrinkling can be triggered in a thin film bonded to a compliant
substrate under compression dueto the strain mismatch between the
film and the substrate, as shown in Fig. 8(a). The critical
compressive strain for the onset of wrinkling in this case depends
on the modulus ratio between the substrate and the film, as well as
the pre-stretch of the substrate. Under plane strain compression, the
critical compressive strain for wrinkling, derived from a linear
stability analysis, is given by [48]

1 31, =
€cr 2 KTf (8)

where I and I are the shear moduli of the substrate and the film,
respectively,and K 1 kg =2 with k;, being the pre-stretch of
the substrate. Thisformulatendsto overestimatethecritical strain of
a neo-Hookean film when 14/l is relatively small, but becomes
increasingly accuratewhen I/l 10. As /1 sincreases, thecritical
compressive strain for wrinkling monotonically decreases, scaling
with k% for increasing pre-stretch. If compression continues to
increase beyond the onset of wrinkling, secondary bifurcation may
be triggered, causing the wrinkling mode to transition into other
advanced modes, such as period-doubling mode [48,77], folding
mode [75,76], or ridge mode [79,268], as shown in Fig. 8(b),
depending on the values of 11/l and k. When subjected to equi-
biaxial in-plane compression, thin stiff films bonded to compliant
substrates exhibit various periodic instability patterns as the strain
mismatch between thefilm and the substrateincreases, including 1D
mode, square checkerboard mode, hexagonal mode, triangular
mode, and herringbonemode[49,78,138,269], asshowninFig. 8(c).
The strain mismatch can be characterized by the overstress ry/re,
where r isthe critical film stress at the onset of buckling and rg is
the equi-biaxial stress in the film. Upper-bound analysis of the
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energy and numerical simulations show that, in the range of small
overstress (about 1.5 when the Poisson’ sratio of thefilmis1/3), the
square checkerboard mode has the lowest energy [49,269]. In
contrast, at sufficiently large overstress, the herringbone mode
exhibits the lowest energy [49,78]. Moreover, Audoly and
Boudaoud [ 78] demonstrated that the 1D mode cannot be the lowest
energy mode under equi-biaxial compression, but it can remain
stable under anisotropic loading where the stress state is not
equibiaxial.

In curved film/substrate systems [270], the formation of the
instability patterns depends not only on the modulusratio and strain
mismatch between the film and the substrate but also on the
curvature of the system and the loading direction. For a stiff shell
supported by a soft cylinder (i.e., a core/shell cylinder) under axial
compression, the system exhibits an axisymmetric pattern when the
modulus ratio of the film to the cylinder is small, whereas it may
branch into a nonaxisymmetric diamond-like pattern when the
modulusratioislarge[80,271]. In contrast, for asoft shell onarigid
cylinder under axial compression, the smooth shell first bucklesinto
the axisymmetric wrinkling mode, then transitions into a ridge
mode, and eventually evolvesinto asagging ridgemode, asshownin
Fig. 8(d) [265]. On the other hand, when the core/shell cylinder is
subjected to circumferential stress (e.g., induced by swelling or
shrinkage), the various surface instability modes observed in 1D flat
systems appear, such as wrinkling, creasing, period-doubling,
folding, and ridge [46,272]. In this case, a set of phase diagrams
depicting the instability patterns on various types of tubular
substrates is provided in Ref. [46]. Additionally, when a stiff film
ishonded to a spherical soft substrate, the shrinkage of the spherical
substrate or expansion of thefilm givesriseto variousnew instability
patterns, including dimple phase, hexagona phase (also called
buckyball phase), labyrinth phase, and hybrid hexagonal and
labyrinth phase (also referred to as the bistable phase)
[50,140,273]. A phase diagram for the hexagonal phase, bistable
phase, and labyrinth phase is shown in Fig. 8(€) [50]. The diagram
suggests that the phase boundaries are independent of the elastic
modulus ratio EJ/E; between the substrate and the film. It also
indicates that the transition between these three phases can be
controlled solely by either the effective radius R/h (i.e., the ratio of
sphere radius to film thickness) or the excess stress (i.e., overstress
minus one). In arecent work, Xu et al. [140] demonstrated that the
pattern selection in core/shell spheres can be determined by asingle
dimensionless parameter: Cs (EJE;)(RMh)¥?. Specifically, the
system exhibits the dimple phase when Cs< 1.3, the hexagonal
phase when 1.3<C <15, and the bistable and labyrinth phases
when Cs>15.

5.2 Surface Instabilities in Biological Systems. Biological
systems such as soft tissues and organs undergo growth by changing
their mass and size, and they remodel by altering their internal
structure [10,142]. In these systems, differential growth and
remodeling, driven by mechanical, chemical, or physiological
factors, can lead to nonuniform tissue expansion and the generation
of residual stresses, triggering various morphological instabilities
[146,274] such as the distinct morphologies in various tubular
tissuesshowninFig. 8(f) [46]. Inrecent years, numerouseffortshave
been devoted to understanding growth- and remodeling-induced
instabilities in various biological systems, including pattern
formation in the human brain [145,149,275], morphogenesis in the
gut [143,144], vascular collapse in growing tumors [151],
mechanobiological tortuosity of blood vessels [152], and morpho-
logical evolution in airways [148,276]. For instance, in the human
brain, itiswidely observed that gyri (i.e., theelevated, visible part of
the pattern) are universally thicker than sulci (i.e., the lower, hidden
part of the pattern) [277]. AsshowninFig. 8(g) [149], themean gyral
(top) and sulcal (bottom) thicknesses in the frontal, temporal,
parietal, and occipital lobesare highlighted in different colors. This
thickness variation is analogous to the growth-induced symmetry
breaking in a wrinkling bilayer, where the ridge thickness (tg) is
aways greater than the valley thickness (ts). Figure 8(h) shows
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Fig. 8 Surface instabilities in soft materials and biological systems. (a) Schematic of the formation process of creases and
wrinkles. (b) Instability patternsin flat film-substrate systems under uniaxial compression (Reproduced with permission from [48].
Copyright 2012 by ASME). (c) Instability patterns in flat film-substrate systems under equi-biaxial compression (Adapted with
permission from Ref.[49]. Copyright 2011 by Elsevier). (d) Phase diagram for the pattern transition in asoft shell on arigid cylinder:
dimensionless deflections of the ridge peak (red curve) and its neighboring wrinkle peak (blue curve) as a function of the
compressive strain (Reproduced with permission from Ref. [265]. Copyright 2018 by American Physical Society). (e) Instability
patterns and phase diagram of astiff thin film on aspherical soft substrate (Adapted with permission from Ref. [50]. Copyright 2015
by Springer Nature Limited). (f) Morphological instabilities in soft tubular tissues (Reproduced with permission from Ref. [46].
Copyright 2017 by ASME). (g) Regional thickness variations in the human brain: the left panel depicts growth-induced instability
patternsin film/substrate bilayers with increasing film thickness, and theright panel shows the mean gyral and sulcal thicknesses
in different regions of the human brain (Adapted with permission from Ref. [149]. Copyright 2018 The Authors, published by the
American Physical Society). (h) Looping morphogenesis in the chick gut (Adapted with permission from Ref. [143]. Copyright 2011
by Springer Nature Limited). (i) Morphological patterns in several fruits and vegetables (Adapted with permission from Ref. [266].
Copyright 2008 by The National Academy of Sciences of the USA). (j) Dehydration-induced morphological instability in a pea
(Adapted with permission from Ref. [267]. Copyright 2011 by American Physical Society).
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another example of growth-induced instability, demonstrating
looping morphogenesis in the chick gut. Savin et al. [143]
demonstrated that it is driven by homogeneous and isotropic forces
arising from the differential growth between the gut tube and the
anchoring dorsal mesenteric sheet, which can be modeled using a
uniformly stretched thin rubber sheet stitched to a straight,
unstretched rubber tube along its boundary.

Moreover, in natural plants, fruits, and vegetables, differential
growth or dehydration can induce surface instabilities
[266,267,278-281], leading to various morphologies, such as the
various pattern features of fruits and vegetables shown in Fig. 8(i)
[266]. These morphological instabilities are typically attributed to
growth- or dehydration-induced anisotropic stressdistributioninthe
structure, which can be modeled using a film/substrate system by
representing the stiff exocarp as afilm and the compliant sarcocarp
as a substrate. For example, Li et al. [267] developed a core-shell
sphere model within the framework of finite elasticity to study its
buckling and post-buckling behavior under differential growth or
shrinkage. AsshowninFig. 8(j), themodel successfully capturesthe
pattern evolution of a gradually dehydrated green pea in a dry
environment, transitioning from a buckyball pattern to a deformed
polygon pattern and eventually to alabyrinth topography. In arecent
study, Wang et al. [280] established anonlinear core-shell model to
investigate surface morphologies and morphogenesis in toroidal
structures with varying Gaussian curvatures. Their results reveal
that, in donut-like toroidal structures, stripe wrinkles initially
emerge in the inner region with negative Gaussian curvature and
subsequently evolve into a nonuniform hexagonal pattern in the
post-buckling regime. Localized dimples are found to appear when
the structural stiffnessisrelatively low.

5.3 Functional Applications by Harnessing Surface
Instability. Surface instabilities in soft materials can result in
numerous highly ordered patterns, which can be manipulated in
different ways to enable diverse functional applications. As
introduced in Sec. 5.1, compressive forces can induce periodic
wrinklesin aflat film/substrate system, and the wavel ength of these
wrinkles can be analytically derived through stability analysis.
Therefore, by experimentally measuring the wavelength of the
wrinkles, the el astic modul us of the thin film can be cal culated using
the analytical formula [282,283]. Applying this method, Stafford
et al. [282] measured the wavel ength (open circles) of apolystyrene
film with varying thickness on a silicon wafer and obtained the
elastic modulus (filled circles) of thefilm, asshowninFig. 9(a). The
measured modulus remains nearly constant (3.460.1 GPa) across
different thicknesses, which agrees well with the reported bulk
value. Apart from measuring the elastic moduli of thinfilms, various
surface instability patterns with different wavelengths and ampli-
tudes can be utilized to tune surface properties [35-37]. For
example, the dimple, labyrinth, and herringbone patterns in a
spherical film/substrate system exhibit different surface roughness
and friction by varying the film thickness and sphere radius
(Fig. 9(b)(i)) [37]. The film thickness-dependent wavelength of the
wrinkling patternin afilm/substrate system allowsfor changesinthe
interfacial contact area, which can be used to tune adhesion
(Fig. 9(b)(ii)) [36]. Additionaly, 1D wrinkles in a film/substrate
system can function as open-channel microfluidics. By controlling
the wrinkle amplitude through applied compressive strain, the
wettability of adroplet on the wrinkles can be modulated (Fig. 9(b)
(iii)) [35].

Surface wrinkling also provides a promising strategy for design-
ing flexibleelectronics[29,288]. AsshowninFig. 9(c), bonding thin
single-crystal silicon (Si) ribbons to a pre-strained polydimethylsi-
loxane (PDMS) substrate and then releasing the strain produces a
stretchable Si device with well-defined wrinkles [29]. The
stretchable Si device allowsfor reversible stretching and compress-
ing to large strains without damaging the silicon. By integrating
active materials, such as thermochromic materials (optical- or
temperature-responsive materials), with wrinkled patterns in film/
substrate systems, surface instability can be exploited to design
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functional smart devices. Three examplesare presented in Fig. 9(d).
In the first example (Fig. 9(d)(i)), the thermochromic strain sensor
changes its color under tensile strain, serving as a thermotherapy
visualization deviceto effectively control heat transfer [284]. Inthe
second example (Fig. 9(d)(ii)), the smart QR code displays its
wrinkled pattern with fluorescent color carrying given information
under ultraviolet (UV) light, and the color can be regulated by
exposing the deviceto acid gas[285]. In thethird example (Fig. 9(d)
(iii)), the biocompatible dynamic scaffold with a hydrogel skin can
reversibly hide and display the creasing pattern in response to
temperature changes [286]. Furthermore, surface instability has
begun to find applications in soft robotics [287,289,290]. For
example, inspired by the surface instability in shrinking core/shell
spheres, Xu et al. [287] fabricated a soft gripper using a
hemispherical shell with hexagonal patterns on the surface and a
small hole at the bottom (Fig. 9(€)). By harnessing the surface
instability induced local chiral networks, the gripper can adaptively
grasp small-sized objects of various geometries upon air extraction.

6 Buckling-Driven Delamination

Compressed film/substrate systems can exhibit various instability
patterns, while the appearance of these patterns requires relatively
strong interfacial adhesion between the film and the substrate. When
theinterfacial adhesionisnot strong enough (i.e., theinterfacial fracture
toughnessislower than the buckling-induced energy release rate), the
film buckles out of the plane and delaminates from the substrate under
in-plane compression. Asthe compressive |oad increases, theinterface
cracks propagate. Therefore, buckling-driven delamination is a
mechanics problem that couples buckling and interfacia crack
propagation. In this section, buckling-driven delamination in bilayer
film/substrate systems and multilayer structures, asillustrated in Fig.
10(a), is first discussed. Then, functional applications enabled by
buckling-driven delamination are introduced.

6.1 Buckling-Driven Delamination in Film/Substrate
Systems. Various shapes of buckling-driven delamination have
been observed in experiments, as shown in Fig. 10(b), including
circular blisters [53], straight-sided blisters (also called the “Euler
column”) [53,128], telephone-cord blisters[51,81], and ring blisters
[52]. For blisters with simple morphologies (e.g., the circular and
straight-sided blisters), the geometric profile, onset condition, and
energy release rate for delamination propagation have been well-
established using the Foppl-von Karman equations [9,131]. For
example, the critical buckling stress at the onset of a straight-sided
blister in afilm/substrate system under equi-biaxial compressionis
given by [9]

p’E h 2
' 21 2 b ©

where E and v are the Y oung’s modulus and Poisson’ s ratio of the
film, respectively, h isthe film thickness, and b is the half-width of
the blister. The straight-sided blister has asinusoidal profile, and its
maximum deflection d, s dependsonly ontheloadingratio ro/r¢, as
[9,81]

—_ 3T 1 (120

where rgisthebiaxial compressive stressin the film. Moreover, the
energy release rate on the sides of the straight-sided blister well
behind the curved front and the steady-state energy release rate
averaged over the curved front are, respectively, given by

re re re 2
1 — 1 — 1 — 11
Gs o 3I’o Go, Gss - G (11)
withGy 1 2 hrd= 2E being the elastic energy per unit area

stored in the unbuckled film under plane strain condition. For
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Fig. 9 Functional applications by harnessing surface instability. (a) Surface wrinkling for measuring thin-film properties.
Predicted elastic modulus and measured wrinkling wavelength as a function of the film thickness (Reproduced with permission
from Ref.[282]. Copyright 2004 by Springer Nature). (b) Surface instability for tuning surface properties: (i) Tuning friction. Friction
versus surface roughness for different instability patterns (Reproduced with permission from Ref. [37]. Copyright 2019 by WILEY-
VCH Verlag GmbH & Co. KGaA, Weinheim); (ii) tuning adhesion. Variation of the compressive force during the contact adhesion
testing of awrinkled adhesive (Adapted with permission from Ref. [36]. Copyright 2008 by WILEY-VCH Verlag GmbH & Co. KGaA,
Weinheim); (iii) tuning wettability. A droplet on awrinkled surface subjected to different strains (Reproduced with permission from
Ref. [35]. Copyright 2010 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim). (c) Surface wrinkling enabled flexible electronics.
Schematic illustration of the building process of stretchable silicon devices on elastomeric substrates (Adapted with permission
from Ref.[29]. Copyright 2006 by American Association for the Advancement of Science). (d) Surfaceinstability enabled functional
smart devices: (i) thermochromic strain sensor enabled by wrinkling instability of asilver nanowires/PDMS system (Adapted with
permission from Ref. [284]. Copyright 2020 The Authors, published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheimby); (ii)
smart QR code for anticounterfeiting enabled by the tunable wrinkling pattern and fluorescence of abilayer system in response to
light (Reproduced with permission from Ref.[285]. Copyright 2020 The Authors, published by Springer Nature); (iii) biocompatible
dynamic scaffold enabled by creasing instability of a thin hydrogel film in response to temperature changes (Adapted with
permission from Ref. [286]. Copyright 2009 by Springer Nature). (e) Adaptive soft gripper (Reproduced with permission from Ref.
[287]. Copyright 2022 The Authors, published by Springer Nature).

propagating the delamination, the energy release rate must
exceed the interfacial fracture toughness, namely, G Ce In
particular, the propagation of buckling-driven delamination is
mixed mode | (i.e., opening mode, where the crack expands due
to tensile forces perpendicular to the crack surface) and mode Il
(i.e., diding mode, where the crack propagates due to shear
stress parallel to the crack surface) [9]. Therefore, the interfacial

Applied Mechanics Reviews

toughness depends on the relative proportions of mode Il to mode
I. For a given blister width 2b, the sides have a much larger
proportion of mode Il relative to mode | compared to the
curved front. Since the interfacial toughness in mode Il is almost
always greater than that in mixed mode, straight-sided blisterstend
to grow along the curved front rather than widen along the sides
[81,291].
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Fig. 10 Buckling-driven delamination in film/substrate systems. (a) Schematic of the formation process of buckling-driven
delamination in bilayer and multilayer film/substrate systems. (b) Typical delamination morphologies in film/substrate systems:
circular and straight-sided blisters (Reproduced with permission from Ref. [53]. Copyright 2002 by Elsevier), telephone-cord blister
(Reproduced with permission from Ref. [51]. Copyright 2016 by Acta Materialia Inc, published by Elsevier), and ring blister
(Reproduced with permission from Ref. [52]. Copyright 2018 by Elsevier). (c) Phase diagram for the existence of straight-sided and
telephone-cord blisters in a flat film/substrate system: normalized energy density versus mode Il to mode | toughness ratio
(Adapted with permission from Ref. [81]. Copyright 2002 by Elsevier). (d) Phase diagram for wrinkling and delamination in elastic
film/substrate systems under uniaxial compression: normalized pre-strain versus adimensionless parameter q defined by Eq. (13)
(Reproduced with permission from Ref. [297]. Copyright 2014 by Elsevier). (e) Periodic buckle-delamination under large
compression: the left panel shows the blister aspect ratio h/d as a function of the compressive strain e, and the right panel
illustrates theblister evolution with increasing compressive strain (Reproduced with permission from Ref.[298]. Copyright 2018 by
Elsevier). (f) Average steady-state energy releaserate Gss/Gpalong the curve front of astraight-sided blister propagating in the axial
direction of a cylindrical substrate as a function of the normalized blister width b/by (Adapted with permission from Ref. [291].
Copyright 2001 by Elsevier). (g) Normalized energy release rate G/Gg along the sides of the straight-sided blister on a spherical
substrate as afunction of the normalized blister width b/by (Adapted with permission from Ref. [299]. Copyright 2007 by Elsevier).
(h) Phasediagram fordimple and branching blistersin spherical film/substrate system: ratio of substrateradius to film thickness R/
h versus the ratio of shear to normal interfacial strength spax/rmax- (Adapted with permission from Ref. [300]. Copyright 2021 The
Authors, published by Elsevier).

For blisters with complex morphologies, such as the telephone-  satisfy the fracture criteria with that of straight-sided blisters for

cord blister, Moon et al. [81] modeled it asaseriesof pinnedcircular  different mode Il to mode | toughness ratios C;c=Cic. Here, G,

blistersalongitslength, with an unpinned circular blister atitsfront, 1 hr2=E is the total elastic energy per unit area stored in the
film. Asshownin Fig. 10(c), their resultsreveal ed that straight-sided

and compared its normalized energy density G,=C;c required to
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blisters can only be stable in a narrow range of G, centered on the
curve with q@o 2, where by is a reference half-width defined
as bp ph E=121 2ry. From Eq. (9), one has
ro=re b=bg 2 In contrast, telephone-cord blisters can exist in a
relatively wide range of Gy, with b/by up to approximately 8.
Moreover, the straight-sided blister undergoes a secondary bifurca-
tion and branchesinto atelephone-cord blister whenb/by  2.5[81]
or, equivalently, ro/r.  6.5[132,292] for ~ 0.3.Inparticular, the
geometric profile of thetelephone-cord blister isnolonger afunction
only depending on the loading ratio ro/r. like the straight-sided
blister. Based on extensive finite element simulations, Faou et al.
[293] obtained arel ation between thewavel ength k of thetelephone-
cord blister and the mode | toughness C;c, as

"E o 1=4
k kh — =2 1 12
ro Cic (12)

where kisaconstant that can be determined by fitting experimental
results.

Recently, experiments [294,295] have demonstrated the coex-
istence of wrinkling and buckling-driven delamination in film/
substrate systems. Inthiscontext, Mei et al.[296] derived thecritical
strain for initiation of wrinkling-induced delamination under
uniaxial compression

3 4srmax2

Ewd ew 31 (13)

s bs

where r o istheinterfacial strength in the normal direction and e,
isthecritical strainfor wrinkling under uniaxial compression. Based
on Eq. (13), a phase diagram for wrinkling and delamination in an
elagtic film/substrate system under uniaxial compressionisprovided
in Fig. 10(f) [297]. The phase diagram is divided into three regions
by two boundaries: enq/e,y 1 and englen, 1 g° with g being a
dimensionless parameter from Eq. (13). In region I, the system
remainsflat; inregion 1, it exhibitswrinkling without delamination;
in region I, wrinkling-induced delamination occurs. On the other
hand, under large deformation, periodic buckle-delamination may
be observed [128,298]. Figure 10(e) shows the evolution of the
aspect ratio (height h to width d) of astraight-sided blister in afilm/
substrate system under uniaxial compression as a function of
compressive strain [298]. As the compressive strain increases, the
film first delaminates from the substrate and forms asingle straight-
sided blister with asinusoidal profile. Subsequently, thesingle-wave
blister transitions to periodic wavy blisters with sinusoidal shapes
and eventually to periodic blisters with jigsaw-like shapes. During
the transition process, the height of the blister gradually increases.
Buckling-driven delamination also occurs in curved film/
substrate systems, where curvature plays an important role
[300,301]. Figure 10(f) presents the average steady-state energy
relesse rate along the curved front of a straight-sided blister
propagating in the axial direction of a cylindrical substrate under
equi-biaxial compressive stress[291]. Itisshown that the blister can
propagate axially on cylindrical substrates with both positive and
negative curvatures, and the energy release rate decreases as the
normalized geometric parameter b/(Rt)Y? decreases, where b isthe
half-width of the blister, Risthe radius of the cylindrical substrate,
andtisthefilmthickness. However, delamination propagationinthe
circumferential directionisonly possibleon substrateswith positive
curvature and is suppressed on substrates with negative curvature.
The energy release rate along the side of astraight-sided blister ona
spherical substrate is shown in Fig. 10(g) [299]. In this case, the
energy release rate first increases and then decreases as the
compressive stress ro (ro (b/bg)?re as defined previously)
increases, and a greater substrate curvature leads to a higher peak
value of the energy releaserate. In particular, unlike the planar case
where the strai ght-sided delamination propagation occursonly after
abifurcation point is reached, delamination can initiate on a curved
substrate even under relatively small residual stress [291,299].
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Moreover, when aclosed thin filmisbonded to a spherical substrate
with weak adhesion, a variety of new delamination morphologies
can emerge under mismatched volumetric shrinkage or swelling. As
illustrated in Fig. 10(h) [300], the system exhibits either dimple or
branching delamination blisters, depending on theratio of substrate
radius to film thickness (R/h) and the ratio of shear to normal
interfacial strength (Smax/F max)-

6.2 Buckling-Driven Delamination in Multilayer
Structures. Inadditionto bilayer film/substrate systems, multilayer
structures are susceptible to delamination when subjected to in-
plane compressive stress. Here, buckling-driven delamination in
two typical multilayer structures, composite laminates and thermal
barrier coatings, isintroduced. To study buckling-driven delamina-
tion in laminated plates, Chal et al. [129] initially developed a
simplified thin film model and a general 1D theoretical model
capable of predicting both the critical buckling load for delamina-
tion onset and the energy release rate for delamination propagation.
For thethin film model, where the unbuckled portion of the laminate
is assumed to be infinitely thick, the critical load and the energy
release rate can be solved analyticaly, asintroduced in Sec. 6.1 for
the case of the straight-sided blister. The general 1D model can
captureavariety of casesunder planestrain conditions, suchaswhen
the delaminated layer isrelatively thick compared to the total plate
thickness, or when multiple delaminations are present within the
laminate. Their analysis revealed that as the delamination length
increases, the energy release rate for delamination propagation first
increases rapidly to a maximum, then gradually decreases to a
minimum. The difference between the maximum and minimum
energy release rates in the general model is more pronounced than
that in the thin film model. The model was later extended to the 2D
case for the analysis of laminated plates [302,303] or cylindrical
laminates [304]. In recent years, various numerical models
[305-307] have been further developed to investigate buckling-
driven delamination in composite laminates.

Thermal barrier coatings (TBCs) typically consist of an
intermetallic bond coat, a thermally grown oxide (TGO) layer,
and a porous zirconiatopcoat, and are widely employed in turbines
for propulsion and power generation [308]. In such systems, two
competing failure mechanisms, edge delamination and buckling-
driven delamination [9,309], commonly occur at the interface
between the TGO layer and the bond coat due to the high
compressive stress developed in the TGO layer during service.
When the in-plane modulus of the topcoat is moderately high, the
topcoat helps suppress buckling of the TGO layer, making edge
delamination, initiating either at the boundary or from regions with
high substrate curvature, more likely [17]. In contrast, when the in-
plane modulus of the topcoat is relatively low, small-scale buckles
can be accommodated by the compliant topcoat, and buckling-
driven delamination, such astheformation of astraight-sided blister,
may occur. In particular, edge delamination is governed by pure
mode |1 crack propagation, whereas buckling-driven delamination
involves mixed mode | and mode I crack propagation. As aresullt,
the effective interfacial toughness governing the edge delamination
can be significantly greater than that of the buckling-driven
delamination. Moreover, buckling-induced bending may result in
ridge cracks at the top of the delaminated layer in curved TBCs,
which has a significant influence on the energy release rate and the
delamination size [310].

6.3 Functional Applications by Harnessing Buckling-
Driven Delamination. In buckling-driven delamination, the film
relieves in-plane compressive strain by buckling out of plane,
resulting in low strain within the film even when the system is
subjected to a large compressive strain. This mechanism has
emerged as a robust strategy for designing highly stretchable
electronics [28]. For instance, as shown in Fig. 11(a)(i), a
semiconductor nanoribbon made of GaAs (a typicaly brittle
material) on a polymer substrate can be stretched by upto  100%
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Fig.11 Functional applications by harnessing buckling-driven delamination. (a) Buckling-driven delamination enabled flexible
electronics: (i) stretchable GaAs nanoribbons bonded on a polymer substrate (Reproduced with permission from Ref. [311].
Copyright 2006 by Nature Springer); (ii) delamination-guided 3D flexible electronic assembly. An assisting layer is introduced to
control thedelamination region under compressiveloads (Adapted with permission from Ref. [30]. Copyright 2023 by Elsevier); (iii)
stretchable silver nanowire conductor. The left panel is a schematic illustration and photograph of the conductor, and the right
panel shows the capacitance changes of the conductor attached on athumb that bends and presses (Reproduced with permission
from Ref. [312]. Copyright 2020 by American Chemical Society). (b) Buckling-driven delamination enabled microfluidic devices: (i)
fluid flow tunable microvalve composed of a stiff film bonded on a soft substrate, and its fluid flow can be regulated by tuning the
applied compressive strain (Adapted with permission from Ref. [314]. Copyright 2016 by AIP Publishing); (ii) biocompatible
microfluidic device composed of hydrogel and glass substrate. The device can stably deliver air flow at high flow rates by stacking
less-swellable hydrogels (Reproduced with permission from Ref. [315]. Copyright 2021 by Royal Society of Chemistry). (c)
Buckling-driven delamination for tunable properties: (i) tunable transmittance of a graphene oxide film on a silicone rubber
substrate. The top panel shows the delaminated blisters under increasing uniaxial compressive strain, and the bottom panel
illustrates the normal transmittance as a function of the blister wavelength under different loading conditions (Adapted with
permission from Ref. [316]. Copyright 2015 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim); (ii) tunable wettability of a
graphene sheet on apolymer substrate. Thetop panel shows the contact angles of awater droplet on different substrates, and the
bottom panel illustrates the contact angle as a function of the biaxial compressive strain in graphene (Adapted with permission
from Ref. [317]. Copyright 2013 by Springer Nature); (iii) enhanced fracture strength of a delaminated organic crystalline nanofilm
on a PDMS substrate. The top panel is a schematic and the AFM image of the nanofilm/PDMS substrate system, and the bottom
panel shows a comparison of fracture strength as a function of the film thickness in delaminated and wrinkled film/substrate
systems (Adapted with permission from Ref. [318]. Copyright 2019 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim).

strain or compressed by up to  25% strain without damaging the
nanoribbonitself [311]. Recently, Shuai et a. [30] demonstrated that
introducing an assisting layer with weaker adhesion to the substrate
enables controlled delamination at desired regions under

030801-22 / Vol. 78, MAY 2026

compressive buckling, allowing precise assembly of 3D flexible
electronics (Fig. 11(a)(ii)). In another work, Wu et a. [312]
fabricated a highly conductive and stretchable conductor by
attaching a polymer composite film coated with a thin silver
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nanowire layer onto a pre-stretched elastomer substrate. By
integrating the conductor with a pressure sensor, a wearable
electronic device capable of rapidly responding to external stimuli
is developed (Fig. 11(a)(iii)).

Additionally, the delaminated regions induced by buckling can
serve as microchannelsfor delivering microfluidics[313-315]. The
path and width of these microchannelscan be precisely controlled by
tuning filmthickness, mismatch strain, interfacial toughness, and the
mechanical properties of the film and the substrate. For example,
Kang et al. [314] developed a microvalve consisting of a soft
substrate and a stiff film that can regul ate the fluid flow by adjusting
the applied compressive strain (Fig. 11(b)(i)). Takahashi et al. [315]
designed atough, permeabl e, and biocompatiblemicrofluidic device
by utilizing swelling-induced buckle delamination in a hydrogel/
glass system. By stacking less-swellable hydrogels on the device,
the system enables stable air flow delivery without leakage even at
high flow rates (Fig. 11(b)(ii)). Buckling-driven delamination also
atersthe surface morphology of astructure, which can be exploited
to tune its optical, mechanical, or wetting properties [316-318].
Several examples are demonstrated in Fig. 11(c), where the optical
transmittance of agraphene oxidefilm on asiliconerubber substrate
(Fig. 11(c)(i)) [316] and the wettability (indicated by the contact
angle between awater droplet and the substrate) of agraphene sheet
on a polymer substrate (Fig. 11(c)(ii)) [317] can both be tuned by
controlling the applied compressive strain. In another example
(Fig. 11(c)(iii)), Zhang et al. [318] found that a delaminated organic
crystalline nanofilm on aPDM S substrate exhibitsenhanced fracture
strength compared to its wrinkled counterpart.

7 Dynamic Instability

In Secs. 3-6, we introduced various mechanical instabilities
triggered under static or quasi-static loading conditions. However,
mechanical instabilities are also widely observed in elastic
structures or systems under dynamic loads, such as periodic or
nonperiodic time-varying loads. In such cases, inertial effectsalong
with factors such as damping, viscoelasticity, and loading rate play
significant roles, making dynamic instability fundamentally differ-
ent from those observed under static loading. In this section,
mechanical instabilities of elastic structures or systems under
dynamic loads, including both periodic and nonperiodic cases (e.g.,
impact loads and step loads), are first discussed. Then, functional
applications by harnessing dynamic instability are briefly
introduced.

7.1 Parametric Resonance Under Periodic Loads. Dynamic
instability triggered by periodic time-varying loadsisalso known as
parametric resonance, where the oscillation amplitude can signifi-
cantly increase under certain conditions, even whentheload ismuch
below the static critical buckling threshold [8,85]. A classic
demongtration is a child on a swing [319]: when the swing is
pushed at a frequency that matches its natural frequency, the
amplitude of the motion increases, causing the swing to go higher
and higher. One of the simplest parametric resonance problemsisan
elastic beam under a periodic longitudinal force P(t) Ps Pgcos
(xt), where Pgis the static load, Py is the excitation amplitude, t is
time, and X isthe excitation frequency, as shownin Fig. 12(a). Such
an instability problem is governed by the well-known Mathieu-Hill
equation [320], which can be solved numerically or asymptotically
to determine the conditions that render the system unstable [85].
Figure 12(a) illustrates the dynamic instability regions of an elastic
beam under periodic load. As can be seen, parametric resonance
occurs within a series of regions associated with specific excitation
frequencies and excitation amplitudes. Generaly, parametric
resonance is triggered when the excitation frequency X is close to
2%/, where X, is the natural frequency of the system and nisan
integer greater than or equal to 1 [85,86]. These instability regions
become progressively wider as the excitation amplitude increases,
but exponentially narrower as the order number increases. Addi-
tionally, damping has a significant influence on these regions. As
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damping increases, the instability regions shift upward from the
horizontal axis. Consequently, a sufficiently large excitation
amplitude is required to trigger parametric resonance in a damped
system [82,321]. An example of parametric resonance in a graphene
nanoresonator isshownin Fig. 12(b) [54]. Asthe excitation frequency
increases, multiple resonance modes are excited, evidenced by sharp
peaks in the vibration amplitude when the excitation frequency
approaches twice the fundamental frequency, fo;  20.1MHz.

7.2 Dynamiclnstability Under NonperiodicL oads. Whenan
elastic structure is subjected to nonperiodic dynamic loads (e.g.,
impulsiveloads and step loads), its dynamic instability behavior can
be significantly influenced by factors such as damping, viscoelas-
ticity, loading rate, and geometric imperfections. Several studies
have shown that damping and viscoel asticity tend to delay the onset
of buckling or snapping dueto energy dissipation and material creep
[62,83,324,325]. A typical exampleisthe rapid leaf closure of the
Venus flytrap through snapping. The theoretically predicted
snapping timescale is 0.001-0.01s, whereas the actual observed
closure time is roughly 0.1s due to damping caused by the flow of
interstitial water through the surrounding tissue in the leaf [62].
Moreover, under dynamic loading, the buckling behavior of
structures is highly dependent on the loading rate [83,84]. For
example, Putelat and Triantafyllidis [84] studied the dynamic
instability of elastic ringsunder uniformin-plane pressure at various
loading rates, as shown in Fig. 12(c). When the loading rate is very
sow (e.g.,.k 0.001), perturbations can propagate around the entire
ring, leading to global buckling. In contrast, at ahigher loading rate
(eg., k 0.5), the ring exhibits localized buckling before the
disturbance has time to travel across the full circumference. The
loading rate can aso delay dynamic snap-through instability
[322,325]. Figure 12(d) shows the normalized midpoint height as
afunction of the rotational angle during the dynamic snapping of a
curved beam under end rotation [322]. Astherotating rateincreases,
the snapping point gradually deviatesfrom the position predicted by
the static analysis (indicated by the dashed line). Additionally,
similar to the static case, geometric imperfections play asignificant
role in dynamic instability of imperfection-sensitive structures
[83,323]. Figure 12(€) presents an example of the dynamic buckling
of aspherical shell with adimple-likeimperfection at the pole under
astep pressure (i.e., apressure that is suddenly applied and then held
constant) [323]. Unlike static loading, there is no well-defined
buckling threshold under step loads. When the imperfection
amplitude is relatively small (d/h<0.15), the dynamic buckling
pressureismuch lower than the static buckling pressure p.. However,
for large imperfections (d/h  0.15), the dynamic buckling pressure
approaches the static value, with a difference of only about 0.05 p,.

7.3 Functional Applications by Harnessing Dynamic
Instability. Dynamic instability has broad applications across
various length scales. At small scales, parametric resonance has
been widely employed in micro/nano-electromechanical systems
(MEMS/NEMS) [321] for sensing mass [326], force [86], charge
[327], etc. For instance, Chen et al. [326] developed a NEMS
resonator based on monolayer graphene. By measuring its resonant
response to mass loading, the graphene resonator demonstrated an
ultrahigh mass sensitivity of approximately 2 zeptogram (10 2'g).
Turber et al. [86] designed a single-crystal silicon MEMS that
harnesses parametrically excited torsional oscillations. The system
exhibitsfivedistinct dynamicinstability regions, which can beleveraged
to reduce paragitic Sgnalsin capacitive sensing and enhance sengitivity
in force sensing. Moreover, the amplified vibration characterized by
large-amplitude oscillations during parametric resonance leads to a
sgnificant increase in mechanica energy, which can be captured and
converted into ausableform. In recent years, avariety of mechanica or
electrical systems have been developed to exploit this mechanism for
energy harvesting, see Refs. [82], [328], and [329].

Additionally, the dependence of dynamic instability on loading
rate and viscoelasticity provides a new way to program the
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Fig.12 Dynamic instability of elastic structures under periodic or nonperiodic loads. (a) Dynamic instability region of an elastic
structureunder aperiodiccompressiveload. Theleft panelis aschematicillustration of an elastic beam under aperiodic excitation
P(t)5 Ps1P 4cos(xt), and the right panel shows the normalized excitation amplitude P4/P., as a function of the normalized
excitation frequency X,/x, with P¢, being the static buckling load and x,, being the natural frequency of the system. The shaded
triangular areas denote instability regions. (b) Parametric resonance of a graphene resonator under periodic excitation: motion
amplitude as afunction of the drive frequency (Reproduced with permission from Ref. [54]. Copyright 2021 the Authors, published
by Springer Nature). (c) Dynamic instability of elastic rings under uniform pressure at different loading rates: the top panel shows
the deformation evolution of a pressurized ring at alow loading rate k5 0.001 and a high loading rate k5 0.5, respectively, and the
bottom panel illustrates the normalized displacement wq as a function of the time t at different loading rates k (Adapted with
permission from Ref. [84]. Copyright 2013 by Elsevier). (d) Dynamic snap-through instability of a curved beam under end rotation:
the top panel is aschematic illustration of acurved beam, formed by axially compressing a straight beam, under end rotation, and
the bottom panel shows the normalized midpoint height z(1/2)/L as afunction of the rotational angle a for different rotating rates a
(Reproduced with permission from Ref. [322]. Copyright 2024 by Elsevier). (e) Dynamic buckling of aspherical shells with dimple-
like imperfection under step pressure: the top panel is a schematic illustration of a spherical shell under step pressure, and the
bottom panel shows the normalized pressure p/p. as a function of the normalized imperfection amplitude d/h, with p. being the
classical critical buckling pressure predicted by Eq. (5) (Reproduced with permission from Ref.[323]. Copyright 2019 The Authors,
published by the Royal Society).

mechanical properties or behavior of mechanical metamaterials,
including Poisson’ sratio [330], force—displacement response [331],
snapping recovery time [332,333], and energy absorption perform-
ance [334,335]. For example, Janbaz et al. [330] developed a
metamaterial consisting of unit cells formed by two beams with
significantly different strain rate dependencies. The bi-beam unit
cell bucklesto theleft under low strain rates while to the right under
high strain rates. By strategically tessellating these unit cells, the
resulting metamaterial can exhibit unique strain-rate-dependent
properties, such as switching between auxetic (i.e., negative
Poisson’ s ratio) and conventional behavior and exhibiting negative
viscoelasticity (i.e., lower stiffnessat higher strain rates). In another
study, Chen et al. [333] designed a metasurface composed of
viscoelastic spherical shells exhibiting pseudo-bistability (i.e., the
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shell cantemporarily stay inadeformed state beforerecoveringtoits
original state [336]). The recovery time depends on the geometric
parametersand viscoel astic propertiesof theshell. By assembling an
array of shell unitswith varying recovery times, the metasurface can
display pre-programmed temporal pattern evolutions (e.g., digit
numbers and emojis) and spatiotemporal changes in friction under
pneumatic actuation.

8 Summary and Outlook

Inthisreview, we have systematically introduced varioustypes of
mechanical instabilities in elastic structures and systems. Five
typical forms of mechanical instabilities were discussed: buckling
instability, snap-buckling instability, surface instability, buckling-
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driven delamination, and dynamic instability. For each category, we
introduced the historical background, underlying failure mecha-
nism, and functional applications. Despite significant progress that
has been made, many opportunities remain in future research. Our
perspectives on the future directions are outlined as follows.

Although the buckling instability of imperfection-sensitive
structures such as cylindrical and spherical shells has been
extensively studied, most prior works have focused on the
effects of geometric imperfections. Recent studies have
demonstrated that introducing specially designed creases
[227], pores[214], or natural curvature[69] can lead to distinct
buckling behavior. These findings suggest that exploring
alternative forms of imperfections (e.g., creases, cuts, pores, or
natural curvature) could be a promising direction for uncover-
ing novel buckling responses and instability patterns in
imperfection-sensitive structures, potentially inspiring new
origami designs for functional applications.

Straightened elastic rods with natural curvature have been
shown to exhibit distinct buckling behavior compared to their
stress-free counterparts [38], which have served as building
blocks for building multistable segmented rings [165] and
elastic rod origami [38]. By strategically assembling or
tessdllating such rods, more functional and versatile structures
can be developed. Moreover, the potential applications of these
newly developed multistable structuresremain largely unexplored
and could be promising in areas such as deployable aerospace
structures[224)], soft robotics [247], programmable metamaterials
[38], and energy trapping/absorption devices [34,255].

Surface instability and buckling-driven delamination in film/
substrate systems are highly influenced by factors such as the
modulus ratio between the film and substrate, pre-strain in the
substrate, and interfacial fracture toughness. However, these
parameters typically cannot be altered in traditional inactive
film/substrate systems once fabricated. Active materials [337]
such as magnetic soft materials [338,339], liquid crystal
elastomers [340,341], and shape memory polymers [342,343]
can change their moduli or deform in response to external
stimuli like temperature or magnetic fields, providing an ideal
route to overcome these limitations. Therefore, integrating
surface instability and buckling-driven delamination with
active material systems to achieve programmable surface
instability patterns and delamination morphologies will be a
promising topic that isworthy of study for the development of
reconfigurable, stimuli-responsive, and multifunctional mate-
rialsand devices.

Mechanical instabilities have enabled a variety of metamate-
rials for tuning mechanical properties [26,219], manipulating
wave propagation [38,263], and enhancing energy absorption
[218,255], among others. However, most existing designs are
based on quasi-static or static instability behavior. Due to
inertial effects, dynamic instability can give rise to unusual
mechanical behavior that is inaccessible under static con-
ditions, such as loading rate-dependent force-displacement
response [331], delayed buckling/snapping [324,325], and
pseudo-histability [336]. These features offer new opportu-
nities for designing metamaterials with tunable mechanical
properties or behavior. Although some studies have explored
dynamic instability enabled metamaterials [330-334], a vast
design space remains untapped. For example, dynamic
instability cantrigger higher-order buckling modesthat cannot
be reached through static loading [56,344], which can be
harnessed for pattern or mode selection in functional
metamaterials.

We hope that the current review could guide readers toward a
deeper understanding of various mechanical instabilities, encom-
passing their fundamental mechanisms and diverse functional
applications, thereby opening new opportunities for the design of
innovative functional structures and systems by harnessing
mechanical instabilities.
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