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Micromechanics Study
on Actuation Efficiency
of Hard-Magnetic Soft Active
Materials
Hard-magnetic soft active materials have drawn significant research interest in recent years
due to their advantages of untethered, rapid and reversible actuation, and large shape
change. These materials are typically fabricated by embedding hard-magnetic particles
in a soft matrix. Since the actuation is achieved by transferring the microtorques generated
on the magnetic particles by the applied magnetic field to the soft matrix, the actuation
depends on the interactions between the magnetic particles and the soft matrix. In this
paper, we investigate how such interactions can affect the actuation efficiency by using a
micromechanics approach through the representative volume element simulations. The
micromechanics reveals that particle rotations play an essential role in determining the
actuation efficiency, i.e., the torque transmission efficiency. In particular, a larger local
particle rotation in the matrix would reduce the effective actuation efficiency. Micromecha-
nics simulations further show that the efficiency of the torque transmission from the parti-
cles to the matrix depends on the particle volume fraction, the matrix modulus, the applied
magnetic field strength, as well as the particle shape. Based on the micromechanics simu-
lations, a simple theoretical model is developed to correlate the torque transmission effi-
ciency with the particle volume fraction, the matrix modulus, as well as the applied
magnetic field strength. We anticipate this study on the actuation efficiency of hard-
magnetic soft active materials would provide optimization and design guidance to the
parameter determination for the material fabrication for different applications.
[DOI: 10.1115/1.4047291]
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1 Introduction
Hard-magnetic soft active materials (hmSAMs) are a type of

stimuli-responsive materials that has attracted significant research
interests in recent years due to their advantages of untethered,
rapid, and reversible actuation, as well as large shape changes
with the potential for applications including soft robotics [1–5],
active metamaterials [2,6–10], and biomedical devices [11–17].
hmSAMs are fabricated by embedding micrometer-sized high-
remanence, high-coercivity magnetic particles, such as NdFeB,
into a soft matrix [2,5]. Figure 1(a) schematically shows the actua-
tion mechanism of hmSAMs. After solidifying the soft composite,
the hard-magnetic particles in the soft matrix can be magnetized
along desired directions (such as the horizontal direction in
Fig. 1(a)) under a large impulse magnetic field (∼1.5 T). The
high remanence of hard-magnetic particles allows them to retain a
strong magnetic moment density, also called magnetization (M).
Upon the application of a small magnetic field (typically
< 200 mT, much less than the coercivity of the magnetic particle)
whose direction is not along the hmSAM’s magnetization direction
(such as the vertical direction in Fig. 1(b)), microtorques are gener-
ated to rotate the particles so that their magnetic polarities tend to
align with the applied field [7,18–20]. Assuming perfect bonding
between the particles and matrix, the microtorques transmit to the
soft matrix and the entire hmSAM bends, leading to large deforma-
tion and shape change of the hmSAM under the magnetic actuation
(Fig. 1(b)). Since the generation of microtorques is instantaneous

Fig. 1 Actuation of hard-magnetic soft active materials:
(a) mechanism of the magnetic actuation of a beam bending,
(b) schematicsof theactuationwith the ideal torque transmission,
and (c) schematics of the actuationwith reduced torque transmis-
sion efficiency due to particle’s local rotation in the soft matrix.
The black line profiles denote the particle orientations if there
were no particle local rotations with respect to the matrix.
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and the matrix is rubber-like, hmSAMs exhibit rapid and reversible
actuation. This also permits complicated actuation patterns by con-
trolling local magnetization directions within hmSAMs, making
them attractive for a wide range of applications [1,7,21].
The mechanics of general magnetoactive materials has been

studied intensively in the past, with a strong focus on magnetorheo-
logical elastomers and ferrogels [22–26], where soft-magnetic par-
ticles such iron and iron oxide are used as fillers in a soft matrix. For
these material composites, the magnetic particles cannot provide
magnetic torque as their magnetization always follows the external
applied magnetic field; thus, no particle rotation is induced by the
magnetic field. For hmSAMs with the particles’ microtorques as
the driving force for actuation, mechanics studies have just
emerged. Zhao et al. recently developed a continuum-level nonlin-
ear field theory to describe the finite mechanical deformation of the
hmSAM under the applied magnetic field [19]. This model has been
shown to effectively capture the magneto-mechanical behaviors of
hmSAMs. However, the existing models treat the hmSAM as a con-
tinuum homogeneous solid, where the actuation force, or the mag-
netic torque, is quantified by the magnetization of the hmSAM in its
bulk form and the strength of the applied field. This homogenization
model considers the magnetic actuation similar to an external
mechanical loading, whereas the actual magnetic actuation mecha-
nism is based on the microscale interaction between the magnetic
particles and the soft matrix, due to the discrete microtorques
acting on the particles upon the application of a magnetic field.
The induced microtorques transmit to the soft matrix, which
further drives the whole composite to deform. The transmission effi-
ciency of these microtorques to the surrounding matrix can be sig-
nificantly affected by the particle spatial distribution, particle–
particle interaction, and the particle–matrix interaction caused by
the property mismatches at the interfaces. Intuitively, to facilitate
actuationwith large deformation and shape change under a relatively
smallmagneticfield, thematrix should be relatively soft to reduce the
material’s resistance to deforming. However, to achieve the ideal
transmission of microtorques, the matrix should be stiff enough
such that the local particle rotation with respect to the surrounding
matrix could be minimized. In this case, a soft matrix is not an
ideal choice as it permits the local rotation of the particle within the
matrix and reduces the torque transmission efficiency. As shown in
Fig. 1(b), assuming no relative deformation at the particle–matrix
interface, the matrix rotates together with the magnetic particles
and the torque is transmitted 100% to the matrix, and the angle of
absolute rotation for the matrix is the same as the angle of absolute
rotation of the particle (α matrix= α particle). However, if the matrix
is soft enough to allow relative deformation at the particle–matrix
interface (Fig. 1(c)), the magnetic torques acting on the particles
fail to be completely transmitted to the soft matrix. Instead, part of
the torque results in the elastic distortion around the particles,
which is denoted by the particle rotation θ with respect to the
matrix. In this case, the absolute angle of rotation for the matrix is
smaller than the absolute angle of rotation of the particle (α matrix <
α particle). Therefore, to precisely evaluate the effective torque trans-
mitted to the matrix and accurately predict the deformation of
hmSAMs under magnetic actuation, a systematic micromechanics
study of the actuation mechanism is of crucial importance but is cur-
rently lacking.
This paper aims to study the micro-mechanism of the magnetic

actuation by investigating the torque transmission efficiency of
the magnetic particles in hmSAMs. A computational micromecha-
nics approach is first introduced by integrating representative
volume element (RVE) models with a user-defined element
(UEL) subroutine based on the constitutive model recently devel-
oped for hmSAMs [19] to investigate how matrix modulus, particle
volume fraction, particle shape, and particle–particle and particle–
matrix interactions can affect the torque transmission efficiency.
Based on the simulation results from the RVE models, a homogeni-
zation model is developed to consider the torque transmission effi-
ciency obtained from the micro-mechanism study of the magnetic
actuation. This new homogenization model can be used to guide

the parameter determination of hmSAM fabrication for different
applications.

2 Methods
2.1 Constitutive Model for hmSAMs. In this paper, the

continuum-level constitutive model developed by Zhao et al. [19]
is employed to capture the mechanical deformation of hmSAMs
under an applied magnetic field. This model is briefly described
as follows.
Under the continuum mechanics framework, we consider an

hmSAM placed in a magnetic field. A material point X in the unde-
formed configuration (or the reference configuration) moves to x in
the current configuration through a deformation gradient F= dx/dX
due to applied mechanical forces and magnetic fields. We denote
vector B as the applied magnetic flux density (or magnetic field
for convenience) in the current configuration. The magnetic field
can be generated by a pair of electromagnetic coils in the air. Cor-
respondingly, the nominal applied magnetic field in the reference
configuration is denoted by B̃. The relationship between B and B̃ is

B̃ = JF−1B (1)

where J denotes the deformation Jacobian (J= det F). The hmSAM
has an initial magnetization ofM in the current configuration and M̃
in the reference configuration. Note that the permeability of the
magnetized hard-magnetic particles is regarded to be the air/
vacuum permeability, and the magnetic field B inside the
hmSAMwould be the same as it is in the air. Applying the magnetic
field B tends to alignM in the B direction, which changes the mag-
netic potential of the hmSAM by [27]

Wmagnetic = −M ·B, or W̃
magnetic

= −FM̃ ·B (2)

Then, the total Helmholtz free energy of the hmSAM per unit
volume in the reference configuration can be expressed as

W̃ = W̃
elastic

(F) − FM̃ ·B (3)

We further obtain the Cauchy stress as

σ =
1
J

∂W̃
elastic

(F)
∂F

FT −
1
J
B⊗ FM̃ =

1
J

∂W̃
elastic

(F)
∂F

FT − B⊗M

(4)

The body torque m generated by the magnetized domain under
the action of the applied magnetic field is derived as

m =M × B (5)

This model has been implemented into a user element subroutine
(UEL) in commercial finite element simulation package ABAQUS

(Dassault Systemes, Vélizy-Villacoublay, France). The UEL is
used in the finite element (FE) simulations in this paper.

2.2 Representative Volume Elements. Representative
volume elements are frequently used to study the mechanics of
composite materials [28–30]. Many tools and algorithms are devel-
oped to generate different kinds of RVEs to address engineering
problems [31–34]. In this work, we investigate the micro-
mechanism of the magnetic actuation and study the magnetic parti-
cle’s torque transmission efficiency using RVE models in FE
simulations. We start our RVE model from using circular particles
considering the random shapes and orientations of the particles that
are distributed in the matrix, as shown in the scanning electron
microscopic (SEM) images in Fig. 2(a). In this paper, we utilize
two-dimensional RVEmodels to reveal the insight into how the par-
ticle’s torque transmission efficiency would be affected by the dom-
inating factors including particle volume fraction, particle–matrix
modulus ratio, and the magnetic field, but the insight from the 2D
RVE studies can be extended to the general 3D problems. Note
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that three-dimensional RVE models will be required to consider the
contribution of the out-of-plane dimension [35,36], which is not the
focus of this paper but will be investigated in the future. Figure 2(b)
shows an RVE with a single hard-magnetic particle at the center of a
square matrix. For cases with low particle volume fraction, the
single-particle RVE model can be used to effectively investigate
the torque transmission and the mechanical behavior in the matrix
as the influence from surrounding particles is negligible due to far
particle-to-particle distance. Note that the hmSAMs with low parti-
cle volume fractions are usually used for applications with low-
stiffness and low-density considerations. Here, we look at the
shear strain along the matrix edges to determine the critical particle
volume fraction f, below which we can use single-particle RVEs to
study the micromechanics of hmSAMs. By constraining the edge
shear strain to be less than 10% of the maximum shear strain at
the particle–matrix interface when B= 100 mT, we consider f≤
5% as low particle volume fraction.
In all single-particle RVE simulations, we fix the size of the unit

cells and change the diameters of the particle to obtain different
volume fractions. For a given volume fraction f, the diameter D
of the magnetic particle can be derived as

D = 2a

��
f

π

√
(6)

where a is the side length of the square unit cell. The matrix is
modeled as a neo-Hookean solid with a shear modulus ranging
from 10 kPa to 50 kPa, which is typical in hmSAMs. The magnetic
particle is modeled using the above-discussed hmSAM constitutive
model with a shear modulus of Gp= 300 MPa. It is worth mention-
ing that although the modulus for particle does not reflect the
real particle modulus (shear modulus ∼65 GPa), it is sufficiently
high to mimic an almost rigid material comparing to the matrix
and in the meantime minimizing the convergence issues in the
simulations. The magnetization of the particle is along the hori-
zontal direction with M= 600 kA/m, a constant throughout this
study. Note that the magnetization constant can vary based on the
NdFeB particle size and manufacturing methods [37,38]. Here,

we choose M= 600 kA/m, which is within the common range
of magnetization of NdFeB particles that are around 5 µm. As
shown in Fig. 2(b), the applied magnetic field is along the vertical
direction, perpendicular to the particle’s magnetization. Fixed
boundary conditions are applied to all four edges of the matrix
square. To calculate the transmitted torque in the matrix, the reac-
tion forces on the nodes on the sides of the square matrix are
obtained from the FE simulations, with Fi

x and F
i
y being the reaction

forces in the x-direction and y-direction of the ith node, respectively.
The resultant total torque is calculated as

Ttot = Σi(F
i
xy

i − Fi
yx

i) (7)

where xi and yi are the x- and y-direction coordinates of the ith node.
The origin of the coordinate system is set at the center of the
particle.
Note that for the cases with larger particle volume fraction,

the single-particle RVE model is no longer accurate to describe
the torque transmission and the deformation in the matrix, as the
torque induced by adjacent magnetic particles would also contribute
to the matrix deformation [39,40]. To consider the effect of particle–
particle interaction on matrix behavior, RVE models with an array
of particles are used to evaluate the effective torque transmission,
as shown in Fig. 2(c). Here, a 5 × 5 particle array RVE model is
used for high particle volume fraction simulations as it could accu-
rately represent the large material area with moderate computation
time. To show that the 5 × 5 array RVE model can be used to cor-
rectly estimate the mechanical behavior of the particles in the soft
matrix, we compare the results with other those of array models
(see Supplemental Fig. 1 available in the Supplemental Materials
on the ASME Digital Collection). In the 5 × 5 RVE model, the
four boundaries of the square with length aarray= 5a are fixed the
same way as in the single-particle RVE model. The reaction
forces on the nodes and the resultant total torque can be derived fol-
lowing the method for the single-particle RVE model (Eq. (7)).

2.3 Torque Transmission Efficiency. To quantify how effi-
ciently the torque can be transmitted from the particle to the
matrix, we introduce a parameter, the torque transmission efficiency
η, defined as the ratio between the total reaction torque from the
matrix and the total torque induced by the magnetic particles. In
the case shown in Fig. 1(a), the total torque induced by the magnetic
field on the magnetic particles is calculated as

mtot =MBVp =MBa2f (8)

where Vp is the volume of the magnetic particles. The torque trans-
mission efficiency η is then derived as

η =
Ttot
mtot

(9)

where Ttot is calculated from the FE simulation results using Eq. (7).

3 Results and Discussions
3.1 Low Particle Volume Fraction. We first study the case

with a low particle volume fraction of 2% and matrix shear
modulus G= 20 kPa. At this volume fraction, particles are far
away from each other and the particle–particle interaction is negli-
gible. Therefore, the single-particle RVE model can be adopted to
investigate the mechanical response of the matrix due to the mag-
netic torque acting on an individual particle.
Figure 3(a) shows the contour plots of the shear strain γxy at dif-

ferent applied magnetic fields. As the magnetic field B increases
from 20 mT to 120 mT, the particle intends to align its magnetiza-
tion with the applied field and rotates counterclockwise from θ=
0.14 (or 8 deg) at 20 mT to θ= 0.66 (or 38 deg) at 120 mT.
Figure 3(b) shows the particle rotation angle increases slightly non-
linearly with the applied magnetic field. The rotation introduces

Fig. 2 RVE models of hmSAMs: (a) SEM images of NdFeB par-
ticles in a soft matrix and NdFeB particles only. The scale bars
are 50 μm. (b) A single-particle RVE model for a low particle
volume fraction case and (c) a high particle volume fraction
RVE model with a 5 ×5 particle array.
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shear strain around the particle, and the maximum shear strain
occurs at the interface between the particle and the matrix. The
shear strain decays rapidly when measured away from the particle.
For the case with the largest magnetic field applied (120 mT), the
shear strain decreases 90% at roughly about one particle diameter
away from the particle edge. Although the shear strain around the
particle increases with the increasing magnetic field, its maximum
value along the edges of the matrix decays to the negligible 4.7%
the shear strain around the particle at B= 120 mT, further demon-
strating that the single-particle RVE model is sufficient to describe
the mechanical behavior of the hmSAM with 2% particle volume
fraction.
Figures 3(c) and 3(d ) show the distribution of the reaction forces

on the top and bottom sides and the left and right sides, respectively,
with B= 100 mT. The reaction forces and the x- (or y-) direction
coordinate are normalized as �Fi = FiD/mtot(i = x, or y) and
�Lx = x/a (or �Ly = y/a), respectively. For the top and bottom
sides (Fig. 3(c)), the x-direction reaction forces, which are shear
forces, indicate mirror symmetry with respect to the y-axis at
�Lx = 0. The shear forces also reach their maximums at the center
of the sides (�Lx = 0). The y-direction forces, which are normal
forces perpendicular to the sides, demonstrate twofold skew-
symmetry: they are skew-symmetric with respect to the y-axis at
�Lx = 0. The distributions of the reaction forces on the top and
bottom sides confirm that they all contribute to the total torque of
the RVE. For the reaction forces on the left and right sides, they
exhibit similar features as those on the top and bottom sides. It

should be noted that these reaction force distributions, which
exhibit the torsional behavior, drive the overall deformation of the
hmSAM.
Figure 3(e) shows the torque transmission efficiency as a function

of the applied magnetic field. It can be seen that as the applied field
increases, the torque transmission efficiency decreases. This is
because a larger magnetic field leads to a larger particle rotation
in the matrix. As the particle rotates, the torque generated by the
applied magnetic field decreases, as shown by Eq. (5). As the par-
ticle rotates, its magnetizationM rotates with the particle, leading to

mp =MB cos θ (10)

where mp is the torque generated on the particle. This observation is
confirmed by Fig. 3( f ), which shows the torque transmission effi-
ciency as a function of the particle rotation angle θ, perfectly
fitted by the cos θ function, as indicated by the dashed line. There-
fore, to obtain a high torque transmission efficiency, a relatively
stiff matrix is preferred to minimize the particle’s local rotation.
This is further confirmed by Fig. 3(g), in which the torque transmis-
sion efficiency is plotted as functions of the shear modulus of the
matrix at different applied magnetic fields. Under a small magnetic
field, such as B= 10 mT, the torque transmission efficiency
decreases slightly as the shear modulus is reduced. But when B is
increased, the torque transmission efficiency drops significantly
for the soft matrix. For example, under B= 100 mT, when the
shear modulus of the matrix is 10 kPa, torque transmission

Fig. 3 Results from the low particle volume fraction RVE model: (a) shear strain contours showing par-
ticle rotation in the matrix under different magnetic field strengths for the hmSAM with 20 kPa matrix
shear modulus and 2% particle volume fraction, (b) particle rotation angle as a function of the applied
magnetic field, (c) distribution of the reaction forces on the top and bottom edges of the matrix at B=
100 mT, (d ) distribution of the reaction forces on the left and right edges of the matrix at B=100 mT,
(e) torque transmission efficiency as a function of the applied magnetic field, ( f ) torque transmission
efficiency as a function of the particle rotation angle and the fitting curve cos θ, and (g) torque transmis-
sion efficiency as a function of the shear modulus of the soft matrix at different applied magnetic fields.
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efficiency drops to ∼0.63. When the shear modulus of the matrix is
50 kPa, larger than 0.98 torque transmission efficiency can be
obtained under the applied magnetic field that is smaller than
100 mT. As a result from the single-particle RVE model, the
increase in applied magnetic field and decrease in the shear
modulus of matrix both contribute to the decrease in the torque
transmission efficiency.

3.2 High Particle Volume Fraction. When the particle
volume fraction is low, single-particle RVE model is sufficient to
describe the mechanical behavior of the composite and calculate
the torque transmission efficiency, as particles are far away from
each other and thus do not interact. When the particle loading
becomes higher, the particles are closer to each other and their
mechanical responses will interfere with each other; thus, the
matrix deformation around particles will be affected by
the particle–particle interaction [39–42]. To investigate how the
particle–particle and particle–matrix interactions can affect the
torque transmission efficiency, we conduct FE simulations using
the 5 × 5 particle array RVE model as previously described in
Fig. 2(c).
Figure 4(a) shows the result with a 15% volume fraction of par-

ticles and shear modulus of 20 kPa at B= 100 mT. At 15% volume
fraction, the shear strain measured between two adjacent particles
and away from each particle does not decay to zero, indicating par-
ticle–particle interaction. The zoomed-in contour plot of the shear
strain distribution between two adjacent particles for four cases,
2%, 5%, 15%, and 25%, is shown in Fig. 4(b). The contour plots
clearly demonstrate that the shear strain between two adjacent par-
ticles increases as the particle loading increases. To quantitatively
investigate particle–particle interaction, the dotted line in Fig. 4(c)

shows the schematics of the shear strain measurement taken
between the two adjacent particles, along the horizontal direction
at the undeformed configuration. The x-direction coordinate of the
measured point is normalized as �Lc = x/a, with the origin located
at the midpoint between two adjacent particles. Figure 4(d ) shows
the corresponding shear strain distribution between two adjacent
particles for the four different particle volume fractions. As particle
loading increases, the overall magnitude of the shear strain
increases significantly; i.e., both the maximum shear strain at the
particle–matrix interface and the shear strain between two adjacent
particles increase. However, with the increasing shear strain, parti-
cle rotation angle decreases, as shown in Fig. 4(e). This is opposite
to the low particle volume fraction case, where the particle interac-
tion does not exist, and the increase in particle rotation angle
increases the magnitude of the shear strain (Fig. 3(a)). Such a differ-
ence clearly indicates that a strong interaction between particles
would develop as the particle loading increases. As a result, the
particle–particle interaction restrains the particle’s local rotation,
which increases the overall torque transmission efficiency of the
material, as shown by the solid curve with rounded dots in
Fig. 4(e). Consequentially, the increase in particle volume fraction
leads to the increase in the torque transmission efficiency.

3.3 Effects of Particle Shape on Magnetic Actuation. As
real particles have different shapes, especially for particles with
an average shape and aspect ratio, it is also necessary to consider
the effects of particle shape on actuation efficiency. Here, we con-
sider particles of rectangular shape with aspect ratios w/h= 1, 2, and
3, where w is the particle width and h is the particle height, as
defined in Fig. 5(a). We conduct FE simulations for both the single-
particle RVEs and the array-particle RVEs for hmSAMs with
the matrix shear modulus of 20 kPa. Figure 5(a) shows the results
of the single-particle RVE models on the shear strain contours of
different particle shapes with the particle volume fraction of 2%
under B= 100 mT. Here, in order to reduce stress/strain concentra-
tion at the corners for the rectangular particles, the corners are
rounded with a radius of 1/40 a (see Supplemental Figs. 2 and 3
available in the Supplemental Materials on the ASME Digital Col-
lection). As seen from the shear strain contour plots, even with
rounded corners, the shear strain near the corners are still very
high. Figure 5(b) shows the particle rotation angle as a function
of the magnetic field for particles with different shapes, i.e., the cir-
cular shape and the rectangular shape with different aspect ratios.
As can be seen, although a larger magnetic field leads to high par-
ticle rotation in general, the higher aspect ratio of rectangular parti-
cles constrains the particle rotation significantly. For example, at B
= 100 mT, the rotation angle changes from θ= 0.58 (or 33 deg) for
the circular particles to θ= 0.38 (or 22 deg) for the rectangular par-
ticles with the aspect ratio of 3.
We further investigate the effects of particle shape at high particle

volume fraction. Figure 5(c) shows the shear strain contours for the
cases with different particle shapes at a particle volume fraction of
15% under B= 100 mT. For the systems with different particle
shapes but the same particle volume fraction, the gap between
two adjacent particles in the particle’s long axis direction is
smaller for the case with a higher aspect ratio than it is for a
lower aspect ratio one. The smaller gap would induce larger parti-
cle–particle interaction and then constrains the particle rotation
more. Figure 5(d ) shows the particle rotation angle as a function
of particle volume fraction for particles with different shapes. At
15% particle volume fraction, the rotation angle drops from θ=
0.52 (or 30 deg) for circular particles to θ= 0.31 (or 18 deg) for
rectangular particles with aspect ratio of 3. Figure 5(e) shows the
torque transmission efficiency as a function of particle volume frac-
tion under B= 100 mT for particles with different shapes, where it
conclusively indicates that higher particle volume fraction and
larger particle aspect ratio would lead to higher torque transmission
efficiency. It should be noted that although the particle shape plays a
significant role in determining the torque transmission efficiency,

Fig. 4 Results of high particle volume fraction RVE models
under B=100 mT and G=20 kPa: (a) contour plot of the shear
strain distribution for a 5×5 array model for 15% particle
volume fraction; (b) zoomed-in shear strain distribution for
RVE models with different particle volume fractions. The
zoomed-in area is marked by a black dashed rectangle in
(a). (c, d ) schematics and results of the matrix shear strain mea-
surement between two adjacent particles for different particle
volume fractions. (e) Particle rotation (solid curve with
diamond dots) and torque transmission efficiency (solid curve
with rounded dots) as functions of the particle volume fraction.
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the general trend and the insight obtained from circular shaped par-
ticles are the same as those from the rectangular particles. For
hmSAMs, the hard-magnetic particles have size and shape distribu-
tions, which could be analyzed via the statistical approach together
with the current RVE methods to determine the effective torque
transmission efficiency.

3.4 A Homogenized Model for Torque Transmission
Efficiency. Based on the understandings obtained from RVE sim-
ulations, we develop a simple homogenized model to describe how
the torque transmission efficiency depends on the particle volume
fraction, the matrix shear modulus, as well as the applied magnetic
field (see Supplementary Materials for details). We start with con-
sidering a simplified problem, as shown in Fig. 6(a) where a rigid
circular particle is embedded in a circular matrix. R1 and R2

denote the radius of the particle and the matrix, respectively. The
matrix is fixed at the outside boundary. An applied magnetic field
rotates the particle by (see Supplementary Materials for details)

θ =
MB

2G
(1 − f ) (11)

By considering the geometry difference between the RVE and the
model developed above (Fig. 6(a)) as well as the upper bound of
particle rotation to be π/2, the above equation can be modified as
(see Supplementary Materials for details)

θ =
π

2
1 −

π

4
f

( )
1 − exp

kMB

G

( )[ ]
(12)

Fig. 5 Effects of particle shape on magnetic actuation of hmSAMs with the matrix shear modulus of 20 kPa:
(a) contour plots of shear strain for single-particle RVEs with different particle shapes, (b) particle rotation as a func-
tion of the applied magnetic field for different particle shapes, (c) contour plots of shear strain for array-particle RVEs
with different particle shapes, and (d, e) particle rotation and torque transmission efficiency as functions of particle
volume fraction for different particle shapes under B=100 mT

Fig. 6 Homogenization model of the torque transmission effi-
ciency for hmSAMs: (a) schematics of the simplified particle–
matrix model, (b, c) theoretical fitting of the simulation results
on the torque transmission efficiency as functions of (b) the nor-
malized magnetic field and (c) the particle volume fraction, and
(d ) the parametric study of the torque transmission efficiency
in the parameter design space for the normalized magnetic
field and the particle volume fraction.
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where k is a fitting coefficient. By fitting Eq. (12) with the RVE
results on the particle rotation angle, we obtain k=−0.165. There-
fore, we have the torque transmission efficiency at

η = cos θ = cos
π

2
1 −

π

4
f

( )
1 − exp −0.165

MB

G

( )[ ]{ }
(13)

Figure 6(b) compares the theoretical and simulation results of the
torque transmission efficiency as a function of the normalized mag-
netic field MB/G for the low volume fraction case (2%), based on
Eq. (13). The developed theory can accurately describe the simula-
tion observation for a wide range of the normalized magnetic field.
It is worth mentioning that the fitted theoretical prediction of the
magnetic actuation of hmSAMs is even valid for large deformation
cases. To give a scaling example, when MB/G= 4 with the magne-
tization M= 600 kA/m (a typical number for NdFeB particles) and
G= 15 kPa (a typical number for soft materials such as Ecoflex and
gels), the applied magnetic field will be B= 100 mT, which can lead
to significantly large deformation. Figure 6(c) shows the theoretical
result of the torque transmission efficiency as a function of the par-
ticle volume fraction. Again, the theory matches very well with the
RVE simulations. It can be seen that the torque transmission effi-
ciency increases linearly with the particle loading of the hmSAM.
After validating the correctness and accuracy of the developed the-
oretical model, we systematically plot the torque transmission effi-
ciency in the parameter design space for the normalized magnetic
field and the particle volume fraction based on Eq. (13), as shown
in Fig. 6(d ), which summarizes the methods of increasing the
torque transmission efficiency. In general, increasing the particle
volume fraction and using a relatively stiff matrix can facilitate
the increase in the torque transmission efficiency. We anticipate
this diagram would provide design guidance for the material param-
eter determination of hmSAM for desired applications.

4 Conclusion
The micromechanics of torque transmission from magnetic parti-

cles to the hard-magnetic soft active material is studied in this paper.
Representative volume element models are first built to study the
effect of the particle volume fraction, the matrix shear modulus,
the applied magnetic field, and the particle shape. A theoretical
model is also developed. It is found that the torque transmission
efficiency is determined by the particle rotations. Mechanisms
such as higher particle volume fractions, a stiffer matrix, and parti-
cles with high aspect ratios can prevent particle rotation in the
matrix, and thus would help increase the torque transmission effi-
ciency. The insight obtained from this study can guide the design
of hard-magnetic soft active materials with higher actuation
efficiency.
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