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Hexagonal and hexagon-based structures are widely seen in nature and inspire various engineer-
ing designs by demonstrating capabilities of tessellating complex two-dimensional (2D) and three-
dimensional (3D) assemblies. While enabling functionality at the deployed state, folding hexagonal
structures to a greatly reduced area or volume allows for space-saving for transportation. However,
the study on an effective folding strategy is limited. In this work, we report a snap-folding strategy
for hexagonal rings, which results in a folded state with only 11% of the initial area. Through finite
element analysis and experimental validation, the influence of geometric parameters, loading methods,
and loading locations on the hexagonal rings’ foldability and stability is investigated systematically.
Triggered by buckling instability under bending or twisting, hexagonal rings demonstrate precise and
self-guided folding with high flexibility and a high tolerance to loading fluctuations. It is anticipated
that the hexagonal ring origami could provide a new strategy for designing functional large foldable
structures with self-guided deformation and an excellent packing ratio.
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1. Introduction

Hexagonal and hexagon-based geometries and structures have
been widely seen in nature. For example, honeycomb consists
of hexagonal prismatic building blocks [1]; clusters of insect
eggs show a compact hexagonal arrangement [2]; compound
eyes of insects are tessellated by hexagonal microlens [3]. Nature
favors the hexagon shape mainly due to its capability of tessel-
lating two-dimensional (2D) or three-dimensional (3D) surfaces
without any gap or overlap. In addition, the hexagon shape has
the largest area-to-perimeter ratio among basic geometries that
can provide gapless tessellations. Thus, the hexagon provides a
material-saving strategy and efficient use of space when con-
structing 2D or 3D architectures. These structural advantages
of hexagon shape also inspire engineering designs such as the
James Webb space telescope [4], biomimetic artificial compound
eyes [5,6], and honeycomb-like metamaterials [7,8].

In recent years, foldable structures have drawn significant
research attention for many engineering applications such as
active metamaterials [9-11], reconfigurable electronics [12,13],
soft robotics [14-16], biomedical devices [17], and space struc-
tures [18,19] for the highly desired merits such as tunable prop-
erties and space-saving for transportation purposes. Many folding
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and reconfiguration mechanisms have been developed for fold-
able structures. Most origami and kirigami structures rely on
a continuous input of external mechanical load for structural
shape transformation [20,21], which is not applicable to spe-
cific scenarios when precise and autonomous folding is needed.
Stimuli-responsive materials are also explored as a strategy to
drive structures by an external field [22-27], allowing remotely
controlled folding or deploying. Another strategy features folding
of multi-stable structures, which depends on buckling of designed
geometries for self-guided deformations towards a state with
locally minimized energy [28-32].

Recently, ring origami emerges as a robust folding strategy
for closed-loop regular-shaped rods with large packing ratios
for different shapes such as circular, elliptical, rectangular, and
triangular rings [33]. Ring origami uses a snap-folding mecha-
nism that is triggered by the buckling instability of rods under
either bending or twisting load. It is demonstrated that the snap-
through instability leads to a self-guided folding behavior, which
results in a stable three-fold configuration for rings with ra-
tionally designed geometric parameters. The packing ratio can
be very large with the enveloped folded area only 11% of the
initial area. Although hexagons allow for tessellaton of functional
2D and 3D assemblies, there is limited study exploring effective
strategy for folding/deploying of hexagonal and hexagon-based
structures [34-40]. In this work, we report the hexagonal ring
origami by adopting the snap-folding concept, which enables
foldable 2D and 3D assemblies for a large packing ratio, as shown
in Fig. 1. Here, the complex structure can first be stacked into


https://doi.org/10.1016/j.eml.2022.101713
http://www.elsevier.com/locate/eml
http://www.elsevier.com/locate/eml
http://crossmark.crossref.org/dialog/?doi=10.1016/j.eml.2022.101713&domain=pdf
mailto:rrzhao@stanford.edu
https://doi.org/10.1016/j.eml.2022.101713

S. Wu, J. Dai, S. Leanza et al.

2D assembly

&

Stacking

Extreme Mechanics Letters 53 (2022) 101713

3D assembly

s o

Snap-folding

—_—

Hexagonal ring

O

11% of initial
hexagon area

Fig. 1. Concept of hexagonal ring origami for two-dimensional and three-dimensional assemblies with a high packing ratio. Both the six-ring 2D assembly and five-
ring 3D assembly can be stacked into a configuration of overlapped hexagonal rings. The overlapped hexagonal rings can then be folded into a peach core-shaped
configuration, leading to only 11% of the initial hexagon area. The packing of the six-ring 2D assembly and five-ring 3D assembly are calculated as 1.5% initial area

and 0.4% initial volume, respectively.

a configuration of overlapped hexagonal rings. Then, the over-
lapped hexagonal rings can be folded into a stable peach core-
shaped configuration, leading to a folded area that is only 11% of
the initial hexagon area. Note that a polygon ring with an edge
number of 3n (n > 2 and is an integer) allows for folding into
three overlapping rings that are about 11% of the initial area.
Folding other polygon rings leads to a lower packing capability
due to failure of folding into three overlapping rings. Video S1
shows the self-guided snap-folding and deploying of a foldable
hexagonal ring via various loading methods. Understanding the
mechanical behavior of the hexagonal ring with different geomet-
ric parameters under different loading methods is crucial for the
design of their functional 2D and 3D assemblies.

In this work, we use finite element analysis (FEA) to system-
atically investigate how geometric parameters, loading locations,
and loading methods affect the foldability and stability of hexag-
onal rings. We start from bending-induced snap-folding with
varied aspect ratios of rectangular cross-sections, ring sizes, and
rounded corner radii of hexagonal rings. The folding is validated
by experimentally bending a 3D-printed ring (see Appendix for
details on ring fabrication). Next, we study the influence of bend-
ing locations on the snap-folding behavior of hexagonal rings,
including corner and middle of edge that pass the hexagon cen-
terline, as well as positions offset from these respective locations.
Finally, an alternative folding method, twisting-induced snap-
folding of hexagonal rings, is studied via FEA and experimentally
verified. The hexagonal rings demonstrate precise and self-guided
folding with high flexibility of folding methods and a high tol-
erance of loading fluctuation. We anticipate the hexagonal ring
origami folding mechanism could provide a new strategy for
foldable/deployable 2D and 3D structures with a high packing
ratio, potentially for future aerospace, biomedical, and robotic
applications.

2. Bending-induced snap-folding of hexagonal rings

2.1. Influence of hexagonal ring geometry on bending-induced fold-
ing

We start with bending-induced snap-folding of hexagonal
rings, investigating how geometric parameters affect the foldabil-
ity and stability of hexagonal rings (Fig. 2). As shown in Fig. 2a,
the hexagonal ring has an edge length of a, a corner radius of r,
and a rectangular cross-section with height of h and thickness of
t. To induce folding in FEA, a pair of rotations about the y-axis
(dashed blue line) is applied on two corners of the hexagonal
ring in opposite directions. Note that the bending angle 6 from
0 to & is prescribed at two corners that pass the centerline of
the hexagon. Corresponding reaction moment M is exported from
FEA, and the two loading positions are free to translate along the
x-axis direction. Bending at different locations is studied in the
next section. We first vary cross-section aspect ratios (h/t = 1,
1.5, 2, 5, and 8) while fixing the corner radius (rfa = 0.3)
and the overall ring size (a/t = 200). The normalized moment
(Ma/E]) is plotted with respect to the bending angle (6), and
corresponding deformed configurations at & = s are shown in
Fig. 2b, where E is the Young's modulus and J is the torsion
constant. Here, torsion constant J is used for normalization as
the applied rotation induces a local torsional deformation. J is
employed in all simulations for consistency and is calculated as
[41]:

I he (192t <~ 1 nrh
B 75 h n 2t |
n=1,3,5

Note that the normalized moment-bending angle curves apply
to rings with different materials. Ring material with a larger
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Fig. 2. FEA and experimental results of the snap-folding of hexagonal rings via bending applied at two corners that pass the centerline of the ring. (a) Geometric
parameters and loading conditions of the hexagonal ring. (b-d) FEA results of normalized moment-bending angle curves for hexagonal rings with varied (b) cross-
sections, (c) corner radii, and (d) ring sizes. (e) Comparison of FEA simulation and experimental verification of a hexagonal ring with stable folding. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

stiffness would lead to a higher moment during the snap-folding
process. See Fig. S1 for detailed bending-induced folding pro-
cesses with varied cross-section aspect ratios. In general, with a
higher h/t value, the ring shows higher foldability and stability at
the folded state. When h/t = 1 (blue curve), the monotonically
increasing normalized moment indicates an un-foldable behavior
of the hexagonal ring. As shown in Fig. 2b, for a foldable ring
(hjt = 1.5, 2, 5, and 8), the normalized moment first increases
with the bending angle, and then drops rapidly after the snapping
point, which corresponds to the snap-folding into the peach core-
shaped configuration. For hexagonal rings with h/t = 1.5 and
2 (orange and green curves), the normalized moment rapidly
decreases towards zero without passing zero after the snapping
point, implying a foldable but unstable behavior. The folded ring
has a peach core-shaped configuration that is 11% of the initial
area. With higher cross-section aspect ratios of h/t = 5 and 8
(black and pink curves), hexagonal rings are stable after snap-
folding as the moment returns to zero, showing the same folded

configuration with 11% of the initial area. It is also seen that a
larger h/t value leads to an earlier snapping point and a smaller
normalized moment at the snapping point.

We further investigate how varying corner radius influences
the rings’ foldability and stability. Here, we use one of the foldable
rings (h/t = 5, rla = 0.3, a/t = 200) with varying corner
radius rja = 0.05, 0.1, 0.2, 0.3, and 0.4. We observe that vary-
ing the corner radius does not change the overall landscape of
the normalized moment-bending angle curves (Fig. 2¢) and all
hexagonal rings are still foldable. However, a larger corner radius
of the hexagonal ring leads to a slightly less stable folding and a
more rounded peach core shape at the folded state, which still
demonstrates approximately the same 11% of the initial area.
Then, using the same foldable ring (h/t = 5, r/a = 0.3, a/t = 200),
we investigate the influence of ring size (a/t = 50, 100, 200, 300,
and 400). From the normalized moment-bending angle curves
(Fig. 2d), increasing the ring size does not significantly affect the
foldability and stability, nor the folded shape of the hexagonal
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Fig. 3. FEA simulations of two types of bending-induced snap-folding with loading locations passing the centerline of the hexagonal ring. (a) Bending applied at
either the corner or the middle of edge. (b) Normalized moment versus bending angle of hexagonal ring folding with varied cross-sections. (c) Folding processes of
a hexagonal ring by bending applied at either the corner or the middle of edge. The blue dots denote the locations where bending is applied. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

ring. To validate the FEA simulation, a hexagonal ring (h/t = 5,
rla = 0.3, and a/t = 200) is 3D-printed to experimentally
demonstrate the bending-induced snap-folding. In Fig. 2e, the
top row illustrates the FEA simulation of the stable snap-folding
process, and the bottom row shows the experimental verification,
which agrees with the FEA prediction.

2.2. Influence of loading locations on the bending-induced folding

In this section, we study how the loading locations of bending
influence the folding behavior of hexagonal rings. When the load-
ing positions pass the centerline of the hexagonal ring, bending
applied at two rounded corners of the hexagonal ring is defined
as “corner bend”, while bending applied at the middle of edge
is defined as “edge bend” (Fig. 3a). The folding processes of both
loading methods are characterized by normalized moment versus
bending angle 6 about the y-axis (dashed blue lines in Fig. 3a).
Here, hexagonal rings are studied with a fixed hexagonal profile
(rfa = 0.3, a/t = 200) and varied cross-sections (h/t = 1, 2, 5,
and 8). Different loading methods, either corner bend (solid lines)
or edge bend (dashed lines), do not alter the trend of normalized
moment-bending angle curves (Fig. 3b). The foldability and sta-
bility of the hexagonal ring are mainly determined by the ring’s
cross-section aspect ratio h/t. The hexagonal rings are un-foldable
for hjt = 1, foldable but unstable for h/t = 2, and foldable and

stable for h/t = 5, 8. For foldable rings, the curve of edge bend
method shows a slightly higher normalized moment than that of
corner bend method, while having a comparable bending angle
at the snapping point. Fig. 3c demonstrates detailed snap-folding
processes of a hexagonal ring (h/t = 5, rla = 0.3, a/t = 200)
via corner bend and edge bend methods, illustrating the folding
flexibility of the hexagonal ring for a stable snap-folding.

We next study bending-induced snap-folding with loading
locations offset along the edge. Based on the corner bend method,
the loading positions of bending can offset from corners along
the edge of the hexagonal ring while having the same bending
axis (the y-axis in Fig. 4a). The bending angle is defined as
the amount of rotation applied at the loading locations about
the y-axis. The orange, green, and pink dots are loading lo-
cations with an offset of a/4, a/2, and 3a/4 from the corners
(blue dots), respectively. Fig. 4b illustrates the corresponding
normalized moment-bending angle curves with different loading
locations of a hexagonal ring (h/t = 5, r/fa = 0.3, a/t = 200).
The hexagonal ring is always foldable and stable via bending at
the four indicated locations, and a larger offset requires a slightly
higher moment to trigger snapping. For the deformation of the
ring during folding, applying loadings off the hexagon centerline
breaks the symmetry of ring about the xz-plane, as shown by
the configurations at snapping in Fig. 4c. However, the folded
configuration of hexagonal ring is independent of bending loca-
tions, illustrating the self-guided deformation and stable folded
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Fig. 4. FEA simulations of bending-induced folding with loading locations offset from corners of the hexagonal ring along the edge. (a) Loading locations with different
offsets along the edge. (b) Normalized moment versus bending angle with varying offsets along the edge. (c) Isometric view and side view of the hexagonal ring
at the initial, snapping, and folded configurations with different loading locations. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)

configuration insensitive to external perturbation. Note that the
bending angle has different values at the folded state because it
is separately defined at different loading locations.

Similarly, the bending locations of the edge bend method can
offset along the edge from its middle position, while keeping
the same bending axis (the y-axis in Fig. 5a). The bending angle
0 is the amount of rotation at the loading locations about the
y-axis. The orange and pink dots are loading locations with an

offset of a/4 and a/2 along the edge from the middle (blue dots),
respectively. Fig. 5b shows normalized moment-bending angle
curves during folding of a hexagonal ring (h/t = 5, rla =
0.3, a/t = 200) at different locations. Still, the foldability and
stability of the hexagonal ring are not affected by the loading
locations, and a larger offset requires a higher moment at the
snapping point. As shown in Fig. 5c, while different intermediate
configurations are observed when bending location differs, the
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folded configuration of the hexagonal ring is the same, with 11%
of its initial area. In summary, the hexagonal rings can be folded
precisely in a self-guided manner with a high tolerance to the
variations in the loading conditions.

3. Twisting-induced snap-folding of hexagonal rings

3.1. Influence of hexagonal ring geometry on twisting-induced
folding

An alternative loading method, twisting, can also induce snap-
folding of hexagonal rings. In this section, we study the influence
of ring geometry, namely cross-section aspect ratio, edge length,
and corner radius, on the twisting-induced folding of hexagonal

rings. In FEA, twisting motion is enforced by a pair of rotations
about the x-axis (dashed orange line) on two corners of the
hexagonal ring in reverse directions (Fig. 6a). Here, the twisting
angle @ from 0 to m is applied at two corners that pass the
centerline of the hexagon. The two loading positions are free
to slide inward along the x-axis direction. Twisting at different
locations is studied as well in the next section. Fig. 6b shows
the normalized moment-twisting angle curves of hexagonal rings
(rla = 0.3, a/t = 200) with varied cross-section aspect ratios
(h/t =1, 1.5, 2,5, and 8). When h/t = 1 or 1.5 (blue and orange
curves), the moment increases first and then decreases slightly
before climbing up again, indicating an un-foldable behavior un-
der twisting. For a foldable ring, the normalized moment first
gradually increases with the twisting angle. It then shows a steep
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parameters and loading conditions of the hexagonal ring. (b-d) FEA results of normalized moment-twisting angle curves for hexagonal rings with varied (b) cross-
sections, (c) corner radii, and (d) ring sizes. (e) Comparison of FEA simulation and experimental verification of a hexagonal ring with stable folding. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

drop after the snapping point, and slowly decreases towards
zero moment while the ring folds into the configuration of three
overlapping rings. With a higher h/t value, the hexagonal ring
is foldable but unstable (h/t = 2, green curve) and foldable
and stable (h/t = 5, black curve) via twisting. Compared to the
bending-induced folding, the hexagonal ring with h/t = 8 is un-
foldable via pure twisting (pink solid line in Fig. 6b). See Fig.
S2 for detailed twisting-induced folding processes with varied
cross-section aspect ratios. However, adding only a small bending
component during the twisting motion can trigger stable snap-
folding for the hexagonal ring with h/t = 8 (dashed pink line).
Here, the bending component is induced by adding a pair of
modest pushing forces on the corners where twisting is applied
(see Fig. S3 for the influence of applied forces on snap-folding
process). The small bending perturbation does not greatly alter
the normalized moment-twisting angle curve or the deformation
configurations before the snapping point while setting off the
snapping.

Then, using a foldable ring (h/t = 5, rja = 0.3, a/t = 200),
we investigate the influence of corner radius (rfa = 0.05, 0.1,
0.2, 0.3, and 0.4) on the twisting-induced folding process. The
hexagonal rings with a relatively small radius (r/a = 0.05, 0.1,
0.2) are un-foldable via twisting only, as shown by the overall
increasing normalized moment in Fig. 6¢c. However, these un-
foldable rings under pure twisting can achieve snap-folding when
a small bending component is added, for example, the hexagonal
ring with r/a = 0.05 (dashed blue curve in Fig. 6¢c, see Fig. S4
for the influence of applied forces on snap-folding process). By
increasing the corner radius (r/a = 0.3, 0.4), hexagonal rings
show an easier twisting-induced snap-folding with a slightly less
stable folded state. It should be noted that, as long as the ring is
folded, the peach core-shaped configuration (~11% of the initial
area) and the stability of folded ring are solely determined by
the ring geometry. Influence of hexagonal ring size on twisting-
induced folding is also investigated (a/t = 50, 100, 200, 300,
and 400) based on the same foldable ring (h/t = 5, rfa = 0.3,
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a/t = 200). For hexagonal rings with a/t ranging from 100 to
400, increasing the ring size does not significantly affect the fold-
ability of the hexagonal ring via twisting (Fig. 6d). The foldable
rings demonstrate similar stable folded configurations. Although
a smaller hexagonal ring (a/t = 50) is not foldable by twisting
only, employing an extra bending component with twisting is
enough to induce stable snap-folding (see Fig. S5 for the influence
of applied forces on snap-folding process). A hexagonal ring with
geometry of h/ft = 5, rla = 0.3, and a/t = 200 is 3D-
printed to validate twisting-induced folding simulation. In Fig. Ge,
the FEA prediction (Top row) agrees well with the experimental
verification (Bottom row), showing a stable folding process via
twisting motion.

3.2. Influence of loading locations on the twisting-induced folding

In this section, we study the influence of twisting locations on
the twisting-induced folding behavior of hexagonal rings. When
the loading positions pass the centerline of the hexagonal ring,
twisting applied at two rounded corners of the hexagonal ring is
defined as “corner twist”, while twisting applied at the middle
of edge is defined as “edge twist” (Fig. 7a). The folding processes
of both corner twist and edge twist methods are characterized
by the normalized moment-twisting angle & about the x-axis
(dashed orange lines in Fig. 7a). Snap-folding via two twisting
methods is studied for hexagonal rings with a fixed hexagonal
profile (r/a = 0.3, a/t = 200) and varied cross-section aspect

ratios (h/t = 1, 2, 5, and 8). In Fig. 7b, the hexagonal ring is un-
foldable for h/t = 1 via both corner twist (solid lines) and edge
twist (dashed lines) methods, showing approximately the same
normalized moment-twisting angle curves. For hexagonal rings
with h/t = 2 or 5, the twisting locations do not change the ring’s
foldability and stability (foldable but unstable for h/t = 2, and
foldable and stable for h/t = 5). The corner twist method exhibits
a slightly higher normalized moment before the snapping point
but has about the same twisting angle. With a higher h/t of
8, the hexagonal ring is un-foldable by twisting at corners but
foldable and stable by twisting at the middle of edge. Similarly,
by adding a small bending component, twisting at corners can
also trigger a stable folding of the hexagonal ring with h/t =
8. Fig. 7c demonstrates the detailed snap-folding processes of a
hexagonal ring (h/t = 5, r/fa = 0.3, a/t = 200) via corner twist
and edge twist methods, and both loading methods show stable
snap-folding with the same folded configuration.

4. Conclusions

In this work, we study the foldability and stability of the
hexagonal ring’s snap-folding triggered by bending or twisting.
Based on the FEA simulations, a larger hexagonal ring cross-
section aspect ratio plays a dominant role in increasing rings’
foldability and stability. The foldable hexagonal rings’ folded
state has a large packing ratio of approximately 11% of the
initial hexagon area. For tessellated 2D or 3D foldable structures,
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the packing capability can be further enhanced by stacking and
then folding hexagonal rings. Moreover, hexagonal ring origami
demonstrates precise and self-guided folding with a high toler-
ance to variations in loading conditions. We anticipate the high
tolerance for varied loading permits applications of hexagonal
ring origami with reliable folding and deploying while possessing
an excellent packing capability.
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Appendix A. Finite element analysis details

Snap-folding simulations of hexagonal rings are carried out
using the commercial software ABAQUS 2019 (Dassault Sys-
témes, France). The linear brick element with reduced integration
(C3D8R) is used with linear elastic material with a Young’s mod-
ulus of 2 GPa and a Poisson’s ratio of 0.3. We assign 6 elements
through the thickness, 10 elements through the height, and ~400
elements along each edge of the hexagonal rings. A relatively
small damping factor of 10710 is adopted to stabilize the sim-
ulation. The boundary conditions are applied on reference points
constrained with nodes of the cross-section at loading locations
using multipoint constraints (MPCs). The reaction moments are
exported to get normalized moment-bending angle curves and
normalized moment-twisting angle curves. Since the purpose of
this work is to analyze the influence of ring geometry, loading
location, and loading method on the hexagonal rings’ folding,
self-contact during the folding process is not considered. The
maximum principal strain contours of hexagonal rings (h/t =
5, rla = 0.3, a/t = 200 and 400) during bending-induced
folding, twisting-induced folding as well as at the folded state
are provided in Fig. S6-S7. During the folding process, corner
twist method introduces a slightly higher strain than corner bend
method does. Whereas the strain of a specific ring is the same
and uniformly distributed across the ring at the folded state,
independent of the folding methods. The strain is determined by
the curvature of the folded ring, which is directly related to the
size of the ring. The larger ring with a/t = 400 shows a lower
strain (0.233%) than the ring with a/t = 200 (0.472%) at the
folded state.

Appendix B. Ring fabrication

A commercial 3D printer Ultimaker S5 (Ultimaker,
Netherlands), is used to print hexagonal rings with polylactic acid
(PLA, E = 2 GPa). A steel hexagonal ring (E = 200 GPa) is also
fabricated, manually reshaped from a circular ring to demonstrate
a rapid snap-folding process (Video S1).

Appendix C. Supplementary data

Supplementary material related to this article can be found
online at https://doi.org/10.1016/j.em1.2022.101713.
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